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This report w■■■ be ma■ nly concerned w■ th the techniques of c■ uster
ana■ys■ s′ whiCh are practica■ ■y usefu■ too■ s for the ana■ ys■ s of mu■ ti―
dimens■ ona■ data.   Espec■ a■■y′  dur■ng about the recent eighteen years′  a
■arge number of techniques of c■ uster ana■ ys■ s are proposed and studied
by many researchers.   Indeed the needs for these techniques ar■ se ■n
many fie■ ds of app■ ied science。
Particu■ ar■y hierarchica■ techniques are perhaps the most common■ y

used category of c■ uster■ng methods.   Because of this′  the methods of
hierarchica■  c■uster ana■ ys■ s′  espec■ a■■y agg■omerative hierarchica■
c■ustering (AHC)methOdS′  are used wide■ y′  since FnOSt Of these methods
are su■ tab■e for var■ ous kind of data and may be simp■ y carr■ ed oute
Neverthe■ ess′  though the ■nvestigations for evaluation or compar■ son of
the properties between these methods are only ■itt■e discussed systema―
tica■■y in works′  it is qu■ te importance and necessary to discuss them
■n order to enab■ e us to foェ lllu■ ate ■n terms of a satisfactory validity
of c■ uster■ng process.
Genera■ ■y′  in the AHC methods′  relationships among the objects be―

■ng c■ ass■ fied are represented by a diss■ m■■ar■ ty or s■ m■■ar■ ty matr■ x.
Therefore ■t is qu■ te natura■  and mean■ ngfu■ to descr■ be the matr■ x by
taking as a representation of a re■ ation or a graphe   On such a case′
espec■a■■y′ the concept of fuzzy re■ ations proposed by Zadeh is more re―
■evant and usefu■  to exam■ne reasonab■ y the c■uster■ng lnode■ s.
Thus we sha■ ■ first■ y attempt to summar■ ze severa■ properties among

the AHC methods′  espec■ a■■y′  s■ng■e ■inkage′  comp■ ete ■inkage′  and the
synonymous techniques′  based on the fuzzy theory.   And we can clear■ y

crarify the fo■■owing features:  a)the sO■ ution (ioe. dendrogram)ob―
ta■ ned from s■ ng■e or comp■ ete ■inkage ■s equ■ va■ent to the fuzzy equ■ va―

■ence re■ ation′  b)espeCia■ ■y′  the solution of single ■inkage is
identica■ to the transitive c■ osure formed from min― max (or max― min)
composition of the origina■  dissimi■ arity (or simi■ arity)matrix′  name■ y

an arbitrary ref■ exive and symmetric re■ ation′  and  c)a minima■  spanning
tree may be generated by us■ ng the resu■ t of s■ ng■e ■inkage.
Furthermore′  we sha■■ propose the fuzzy degree of fitness which is

a new ■ndex of eva■ uating and compar■ ng re■ationship between two re■ a―
tions′  the origina■  simi■arity (or diSSimi■ arity)matrix R and the matrix
Rtt der■ved from R by excuting AHC methods.   And this ■ndex may be gener―
ated by us■ ng the fuzzy symmetr■ c difference between two re■ ations。
Moreover we sha■ ■ propose a modified c■ uster■ng procedure′  say modified
■inkage method′  which approx■ mates a given re■ ation R in the sense of
m■ n■m■ z■ng this ■ndex。
success■ ve■y we cons■ der the compar■ son between the set of parti―

tions formed by c■ uster■ng process′  s■nce the eva■ uating prob■ ems of
partitions ■s very important in the practica■  use of c■ uster analys■ s.
Here we examine the fo■ ■owing prob■ ems:  a)comparison between two
dendrograms (ieee tWO equiva■ ence re■ ations)′  b)eva■ uation between
partitions produced from two or many dendrograms′  and  c)estimation of
the number of c■ usters′  in other words′  determ■ n■ng the ■eve■ of cut on
a dendrogram.
Fina■■y severa■ practica■  examp■ es are given to ■■■ustrate and

exp■ a■n our cons■ deratione
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1. 」れtrοごzθ多じοη

Many researchers have argued that c■ ass■ fication ■s fundamenta■

process ■n a■■ fie■ds of sc■ enceo   Espec■ a■■y′  there are a ■arge number

of automatica■  c■ ass■ fication techniques which are knom and distr■ buted

under the generic name οι2stθr αηαZン sづs.   In the present paper′  we sha■ l

discuss severa■  cons■derations for the c■ uster ana■ ys■ s.

More concrete■y speaking′  ■f we are g■ ven a data set of η objects

or ■ndiv■ dua■ s and each of thern ■s observed on each ″ character■ stics or

variab■ es′  then we are faced with the prob■ em how to think out a procedure

for grouping the objects into た groups.   And we sha■ ■ attempt to investi―

gate the procedure for exp■ orュng the ■ntr■ ns■ ca■ tendency of data and

to eva■ uate the character■ stic of the groups。

usua■■y′ the most we■■ knom terms for techniques which c■ ass■ fy

data into severa■  groups are sttrα tι」じθαιづοη and ごじsθrz″多ηαtι Oη o   But

c■uster analys■s ■s essential■ y different from these concepts ■n the

point that they are used to describe for assigning objects to group

having α prtοrt g■ ven ■abe■ s.   For examp■ e′  ■n the socia■  survey data′

the technique which c■ ass■ fies data ■nto groups by us■ ng the demographic

factor′  such as sex and occupation′  is the stratificationo   And the

discr■m■nation ■s′  for examp■ e′  the term to describe the process for

c■ ass■fying the patients ■nto severa■  categor■ es′  such as the slnoking

and the no― smokinge   On the other hand′  the term c■uster ana■ ys■s ■s

used for techniques which group objects by the use of proximity or

simi■arity between objectso   And in most cases′  we θακηθι ごθtθ r“づηθ

― ■ ―



groups for ass■ gning each object α przθrt.   In this respect′  c■uster

ana■ys■s ■s different from other methods of mu■ tivar■ ate ana■ ys■ s.

A■ready many comprehens■ ve rev■ ews on c■ustering techniques and the■ r

app■ications appeared and the■ r deta■ led exp■anations were given by

Cormack(■ 977)′  Everitt(■ 974′ ■977)′  Bock(■ 974)′  Sneath and Soka■ (■ 973)′

B■ashfie■ d(■977)and by many researchers in many fie■ dse   But at the

same time there were a number of case techniques m■ sunderstood and m■ sused.

Dur■ng ab6ut the past eighteen years′  espec■ a■■y′  s■nce ■960′  there

has been a grow■ ng interest in cluster■ ng methods for form■ ng the mean■ ng―

fu■  c■ ass■ ficatione   Though there are actua■ ■y a ■arge nuコ ber of different

methods of c■ uster ana■ ys■ s′ most of them can be arranged under the two

categories′  name■ y′  乃づθrαrθ乃づθαZ ιθθttηづ9ν2s and ηOη―んじθrαrο乃づοαZ tθθttηづ9ν2s.

Hierarchical techniques may be a■ so subdivided into αggι O″θrα tづυθ ″θtttθαs

which perform the c■ uster by a successive fusions of the given objects

on data set into severa■  groups′  and ごιυttszυθ ″θtttO∂s which partition

success■ ve■y the data set into groupso  And yet′  non― hierarchica■

techniques are the ■terative partition■ ng or optim■ zation―partition■ ng′

and there are many other methods ■nc■uded in this category′  for examp■ e′

mode― seeking methods′ m■xture prob■ ems′  c■umping techniques′  and so on.

The term c■ uster ana■ ys■ s was first■ y appeared and discussed in the

socia■  science and the psycho■ ogy during the ■940.so  At that time c■ uster

ana■ys■ s was cons■ dered as one which be comparable to factor ana■ ys■ s and

principa■ component anaysis[see Tryon(■ 970)].  And it did not attract

significant attention unti■  about the ear■y ■9601so   But it must be

emphasized that the so― ca■■ed η2″θrづ Oα Z tα
“
οηO“ν deVe■oped by Soka■ and

sneath gave the ma■ n stimu■us for biologica■  taxonomy and attracted
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a great dea■  of attention ■n many fie■ ds.   At the same tilne′  another

reason of the growth of interest to cluster analys■ s depends upon spread

and ex■ stence of ■arge high― speed computers made a poss■b■e to use

practica■ ■y many methods during the ■9601s。

In this report′  we sha■ ■ discuss main■y the properties of the

αggZθ
“

θrα tιυθ 乃づθrαrο乃づθαι οι2starづηg 脅りκり 
“

θ ιttθ∂s.   Most of AHC methods

start the c■ uster■ng process by form■ ng a matr■ x which represents the

pairwise simi■ arities or dissimi■ arities of a■■ objectS being groups.

In genera■ ′ the so■ ution of AHC method can be represented by a ttι θrαrθんじθαZ

str2ο tarθ , that is′ α 乃づθrαrο乃づθαZ ιrθθ or α αθηdンοgrα″.   But it is rarely

that the hierarchica■  structure or dendrogram ■s constructed exp■ ic■ t■y

by fusing of the objectso   Therefore′  the AHC methods can be interpreted

as a resu■ t of success■ ve approximations to form a hierarchical structure

from the origina■ s■m■■ar■ ty or dissim■■ar■ ty matr■ x which represents a ki,d

of re■ationship between the objectso   There are a ■arge number of AHC

methods′  for example′  as we■ ■―known methods′  s■ng■e ■inkage′  complete

linkage′  centroid method′  group average method′  Ward.s method′  and so on.

And yet′  s■nce the app■ ied fie■ ds of technique such as cluster

ana■ys■ s are more ■nterdiscip■ inary′  there are many s■ m■ lar concepts。

Rea■■y′  the var■ ous methods Of c■ uster ana■ ys■ s p■ay an ■mportant ro■e

■n such fie■ ds as psycho■ogy′  soc■ 010gy′  bio■ Ogy′ pattern recognition,

systematic zoo■ ogy′  eco■ ogy′  and so ono   Therefore′  there are many

synonyms for c■uster ana■ ys■ s′  for example′  Q―mOde ana■ ys■ s in factor

ana■ys■ s′  typo■ ogy′  grouping′  c■ umping′  numer■ca■ taxonomy or class■
―

fication′  and unsuperv■ sed pattern recogn■ tion。
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Thus′  our present a■ m ■s systematica■■y to arrange severa■  techn■ ―

ques of c■ uster ana■ ys■s to avo■d the confus■on caused by the above

mentionedo   Furthermore′  we sha■ ■ extend to lnore genera■ized s■ tuation.

工n addition′  exam■ n■ng the techniques proposed by many researchers ■n

the distinct fields′  for ■nstance′ bio■ogy and psycho■ ogy we can observe

that most of those are the same or a■ most same methodso   For examp■ e′

the researchers refferring to 」ohnsonls paper in psycho■ ogy use the tenns

"maximum method" and llminimum method''′  but these two methods are known

as ‖comp■ete ■inkagell and "sing■ e ■inkage‖ in the bio■ogica■ field.

And the terms l'comp■ ete ■inkage‖ ′ 1'furthest neighbor.:′  
‖rank order typa■

ana■ysisl'′  ‖dialneter ana■ ysisl・  are synonymse   The terms "sing■ e ■inkagelし

"nearest neighbor'1′  ::minimum methodl'′  1l e■ ementary ■inkage ana■ ysisll′

・]connected method:l and a kind of minima■  sapnning tree are synonyms。

we sha■ ■ turn ollr attention to the facts that different terms have

been used to descr■ be the same thing and that they may be exp■ a■ned

with a common conception that is said the ∫レZZν  Sθ t ι力θθrν prOposed by

Zadeh.   Thus′  it is natura■  that we attempt to ■ntroduce the fuzzy set

theory and the fuzzy re■ ation ■nto the systematica■  cons■deration of

cluster analys■ s.

In the section 2′  first■ y′ we attempt to define and characterize

severa■  term■ no■ogies and properties of AHC techniques.   For examp■ e′

we discuss hierarchica■  structure′  hierarchical partition■ ng set′

dendrogram′  u■trametr■ c property′  and so ono   Moreover′  so■ v■ng our

prob■ ems appears to requ■ re some adaptive too■ so   ln such a case′

fortunate■ y′  it seemed to us that the concept of Fttχ Zン rα zαιづθη is

more usefu■  to exam■ ne a c■ uster■ng mode■ 。   Thus′  section 2 w■■■ serve
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to exam■ ne the severa■  character■ stics of the AHC Inethods and the

re■ ationship between them and fuzzy re■ ations.

Second■ y′  in the section 3′  we discuss the exam■ nations for evalu―

ation and compar■ son of the typica■  agg■omerative hierarchica■  c■uster―

ing techniques′  especia■ ■y′  the 00“PZθ tθ  ιづれたαgθ and the sづ ηgZθ  Zづれたαgθ ,

by us■ng the fuzzy re■ ationo   As the c■ ustering process depends on the

structure of data′ we cannot direct■ y eva■uate the ability of c■ uster

ana■ys■ s by the compar■ son of var■ ous a■gor■ thmo   Therefore′  the exam■ ―

nation by the fuzzy re■ ation is lnore avai■ ab■ e and usefu■ e

Success■ ve■ y′  in the section 4′  we discuss the prob■ ems of eva■ uat―

■ng the number of c■ usters and of compar■ ng between the different

hierarchica■ partitions based on the same data seto   Genera■ ■y′ the

so■ution of a hierarchica■  cluster■ ng technique ■s represented by a

dendrogram′ but it is not a■ ways c■ ear beforehand many c■ usters we can

expect.   under the some assumption concern■ ng a c■ uster′ we propose

the severa■  cr■ ter■a for evaluating the number of c■ usters and propose

a procedure for ■nvestigating the c■ uster■ng process.

As a comp■ ement to our discuss■ on′  in the fo■ ■ow■ng′ we sha■ ■

exam■ne the behav■or of c■ uster■ng techniques by the observ■ ng effects

of a ■itt■e change ■n the data set disturbed by adding no■ se.   By this

procedure′  that is ca■■ed the sθ ηsづ tづυづtッ ακαZンsts, we can objective■ y

hand■ e the prob■ ems of eva■ uating the nu躙わer of cユ usters a22d inVesti―

gating the va■ idity of c■ uster■ng processo   Thus we can find a c■ ue to

the number of c■ usters and obta■ n a usefu■  too■ which is su■ tab■e for

exam■ n■ng the structure ■nc■uded in data.
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工n the ■ast section′  to examine our consideration′  we sha■ l i■■us―

trate severa■  practica■  examples and br■ ef■y summar■ Ze our argumente

2。   ⅣOtα tじ04s αη∂prじ Zづ″づ4αrν db」じηιιづο4S

2。 l  θOηθθPιづοη ο∫乃づθrαrθんじοαZ strac・ιarθ

For simp■ icity of our discussion′  first■y′ We sha■ ■ prepare the

severa■ notations and term■ no■ogies.

we define the set of η objects

E={O.′ 02′ °
3′
・…′%}

or for abbrev■ ation′

E={■ ′2′ 3′ 0… ′ι′・…′η}

and denote the raw data cons■ sted of a η X″  matr■x,

X = (Xι
ι
)   (づ =■′2′ ・・・ ′η ′ ι=・′2′ ・・・ ′″ )

where  ttι   (xι .′ 均 2′
…・ ′Xι″ 

′  iS the observed vector for the t th

Objecto    Then′  the AHC methods begin with the cOmputation of a simi―

■arity matrix S=(sι
」
)or a diss■ mi■ arity (ieeo diStance― ■ike measure)

matrix D=(dじ
」
) between the objects formed from X.   The distance dづ J

represents the degree of difference between t th object and 」th Object

and the s■ m■■ar■ty sι
」 represents the degree of prox■

m■ty betWeen the

objectso   The dissimi■ arity dι
」 or the simi■

arity sづ
J iS Said to be

a″θtrづθ for E if it Satisfies the fo■■ow■ng three conditions:

i)  ref■ exivity or anti― ref■ exivity′

(■ )ii)   SymmЮ try′

ili)  transitivity′  that is′ triangu■ ar inequa■ ity.
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工f dづ
」 
°r sι
J Satisfies on■

y the condition i)and ii)′  it is said to be

a η04-777a trづ 0。   Yet most of AHC methods can be commonly suitab■ e for the

use of var■ ous kinds of diss■ m■■ar■ ty or s■ m■■ar■ty.

The bas■ c c■uster■ng procedllre w■th AHC methods ■s very s■m■■ar and

surpr■ s■ng■y simp■ e.   In the AHC methods′  in short′  the goa■  of a c■ us―

tering process can be represented as a dθ ηdンοgra77.   In     Other words′

the ■nput is a matr■ x D or S′  the end of a c■ uster■ng process ■s a

dendrogram which is a graphica■  representation of ttι θrαrθ ttιθαZ str2θ tzrθ .

Name■ y′ the hierarchica■  structure or the dendrogram may be presented in

the form of a tree diagram as shown ■n Figure ■′ which is a two dilnens■ ona■

diagram configurating the fusions between objects which have been con―

structed at each success■ ve leve■ e   As shown ■n Figure ■′ when the order

of fus■ on ■evel is monoton■ ca■■y Changing′  it is sa■ d that the hier―

archical structure possesses a property of“ OηOιO″υ trαηs√brttαιιοη・

hierarchica■  ■eve■

hO h■ h2h3………・hα 、_2｀ -1

Objects

Ci

This example consists of the nine objects.  And there exists the set

of c■uster C6={c.′ c2′ Ci} at the hierarchical ■eve■ hα (=h6)°   A■ so′

9じ ′ DkC C3 and 9じ C C4°   °bV・ ous■ y′  this tree has the u■ trametr■ c property。

Figllre ■。   A dendrogram with lnonotonic invariant property.
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These conceptions more prec■ se■y are defined as fo■ ■ows。

'θ
∫じんじιιθ4 ■。

Let us define a hierarchica■  structure H on the set E as fo■ ■ows.

we assume now a■■ possib■e subsets on E being non― empty A′ B′ C′ D′ ・・
。 .

If any one of the next three conditions ■s satisfied for any two sets

A′ B then a partition H={ A′ B′ C′ D′ ・ ... }iS Said tO be α 乃じθFQrθ乃じοαι.

1)AnB=φ (empty)

ii)A⊂ B                      (2)

iii) A⊃ B

'θ
∫じηづtづθ4 2.

Let us define a non― negative function h(A) fOr ACH as an index

character■ z■ng H.  Then′

h(B)く h(A)   fOr a■ ■ A′ BCH and B⊂ A              (3)

Especial■ y′  if h(A)=O then A indicates the set of each objecte   And if

h(A)≦ h(B)then it iS Said to be weake   Such function h is ca■ ■ed the

づ4αθ

“

 ο∫ 乃づθrαrθ ttν  and h(A)indiCates a Zθ υθι Or stθ p Of c■uster A CH.

工f h(B)>h(A) for BC:A′  then we ca■ ■ it the ttη υθrstt04。

'θ
」じんじtιοη 3。

A αOηdンοgrα
“
 is considered as a hierarchica■  structllre H specified

by the index h(0)。    We sha■ ■ write such dendrogram by くH′ h> .

For examp■ e′  Figure 2  shows a dendrograln with seven objects.

And there ex■sts the fo■ ■ow■ ng hierarchica■  structure H.

H={{・ }:{2}′ {3}′ {4}′ {5}′
“
}′ {7}′ {■′}′

“
′5}′

{1′′3}′ {4′■6}′ {4戸′6′ }′ {島 2βμ´′6′ }|

- 8 -



Furthermore′  we can observe h(A.)>h(A2)= h(A3)=° ′ h(A)>h(B)

h(A)>h(C)>h(B) in Figure 2。

h(C)   h(A) h

01

02

03

04

05

06

07

Figure 2。 Re■ationship between hierarchica■ structure
and index of hierarchy.

Dθ√じηZιιο2 4.

Let A(h)be a Set of mutua■ ■y disjunctive partitions at the ■eve■

he   For examp■ e′  in Figure 2′   A(h)={A′ C}= {{■ ′2′ 3}′ {4′ 5′ 6′ 7}}.

Then we can define a 乃づθrαrσ乃じc・αZ ′αrtづιιθれιηg sθ t Htt as fo■ ■ows。

Let now  h。
  0く
h.  h2 ・ °°くhご〔000く h4-■  be a monoton■

ca■ ■y increas■ ng

sequence of the index h(0)(1士
) Then we sha■

■ consider the fo■ ■owing

partitions.

?°
 = A(h。 )= {{■ }′ {2}′  ・・・′{η }}

:α
=A ttα )={CI′ C:′ C:′ …・′哺α}

C4~・ = A(h4_.)= 〔{■′2′ 3′ ・・・′η}}

(4)

(士 ) 工f we cons■ der the
then the sequence
■ng discuss■ on we

re■ationship between objects as the
{hα }is a mOnotonical■ y decreasing.
sha■■ use these description according

simi■arity′

In the fo■■ow―
to s■tuations.
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where  ″  = η―α indiCates tttθ  η笏
“
bθr ο∫ θZ2stθ rs at the ■eve■  h

α α

obv■ous■y

η =″
0>″■
>″
2>…
・ > ″
η_. = 1・

In addition′   cα (o ≦ α ≦ η―■)iS a partition at the ■eve■ hα

Thus Htt is represented by the fo■ ■ow■ng′

H士 = {c° ′ c・ ′ c2′  。。。′ Cα′ °°° ′ Cη
~・

}

obvious■y′ the partition cα  at the ■eve■  hα  may be generated from the

set of c■usters (ioeo partitions)at the ■eve■ hα_..   The dendrogram

with the above described properties is ca■ ■ed that is a ″θηθtOηttO zηυαrtαηι.

λμηじグο25。

Let uS define an 2ι ιrα″θ trづθ

H or a dendrogram くH′ h> as

δ。. = min{h(A)IAcH′
多」

工t is c■ ear that δ。, satisfies
多θ

■s rewr■ tten by the fo■■ow■ng.

produced from a hierarchical structure

fo■■ows.

for any づ′」 cA}                (6)

symmetry and ref■ exivityo   The above (6)

(5)

(7)δ
づ」 
く max{δ

じた′ 
δ
たJ}  f°

r any  づ′J′たεE

The distance which satisfies the above (7)as the COndition of transi―

tivity is said that is an aZtrα″θιrzο .   By the dua■ ity′  if a simi■ arity

δ  satisfies the next expression′  then it is said to be a ttπ∫ンαttθ trttO.

δち」 ≧  min{δ
′
づた′δttJ }  fOr any  づ′J′たεE             (7)′

These ■nequa■ities may be a■ways der■ ved from the dendrogram.

In fact′ we can observe eas■ ly the ex■ stence of the u■ trametr■ c property

on the dendrograms shown in Figllre ■ and 2.   And if  δ
づ」
≧δ
じた
≧ δ
たJ  then

δ
づ」
≦max{δじた′ 

δ
たJ}= 
δ
たJ (f°
r any づ′J′ たεE)′  that is′ any づ′ J′  た

construct an tsθ sθθZθ s trzαηθιθ.

―■0-



Thus ■n the fo■■ow■ng discuss■ on′ we treat on■ y the methods such that

the resu■ t of c■uster■ng may be represented by the monoton■ c hierarchica■

structure.   A c■ uster■ng method which transforms a D or S into a hier―

archica■  structure (ioee a dendrogram)may be regarded as a procedure

which imposes the 2ι trα璃じιrづο prοpθ rlン  Of a dissimi■ arity or simi■arity′

whether the origina■  one ■s metr■ c or non―metr■ c.

2.2  4 brづθ∫dbsθrづptづοη θ∫
P4〃θ tθθttηづ92θs

ln genera■ ′ the hierarchica■  methods ■s used as a strategy to repro―

duce str■ ctly hierarchica■  structure ■n the data.   The first stage ■n

many AHC techniques is the conversion of the matrix X into an 4xη  matrix

of inter―object simi■ arities or dissimilarities′  with the exception of

solne procedures such as Wardls method.   AHC techniques first forln an

initia■  set on η c■usters (that iS′ each object is a c■ uster)and then′

■n a stagew■ se way reduce the nuコ ber of c■ usters one at a time unti■ a■■

η objects fonn one c■ ustere   Difference between methods of this kind

ar■ ses from different ways of defin■ ng diss■ m■■ar■ ty or s■ m■■ar■ ty

between objects or between two c■ usters of objects.   Thus we obtain

the fo■■owing definition.

'θ
」じηttづοη 6.

The AHC method is a procedure which forms the くH′ h>  with a mono―

ton■c hierarchica■ structure.   Name■ y′ by an AHC method′  we can obta■ n

a hierarchical partition

Cα ={Cl′ Cら′・・・′九}
or in abbrev■ation

Cα = {C.′  c2′ ・・・
 ′
 Cη
_α }

at the ■eve■ hα ′ and WhiCh is der■ ved from Cα
~・
 at the ■eve■  hα_.。
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We can i■ ■ustrate the typica■  a■gorithm of AHC methods as fo■■ows。

[ Bα sιθ αZgοrzt乃″ ο∫4〃θ″θtttοα ]

[Step ■]    Ue cOnsider each object as one c■ uster′  that is′  put

■abe■ ι to each Object and C° ={c.′ c2′ °°・′Cη }={{■ }12}′・00′ {η }}.

[step 2]  ca■ cu■ ate a dissimi■arity matrix D=(dづ
」
)Where dづ

J iS

the dissimi■ arity between づth and 」th Objects′ and find a pair

of c■usters(%′
%)f°
r which the distance betweenら and C9′

δα is the sma■■est′ where%′ C98 Cα
~1。
Name■ y′

δα=%9=min{d:」 |%ε %′ %ε C9′ ′+9}  (8)
And merge c■ usters Cb and C9  nd f° rm ct(=Cb UC9)O   Then

reca■ cu■ ate the distances between c■ uster Ct and a■ ■ other c■ usters

except Ct.   The above δ
α  s the distance obta■

ned by this merge.

[Step 3]  Repeat [Step 2] (2-2)times′  (name■ y′ α=■ ′2′ 3′・・・ ′η ~■ )

or a su■table number of times preassigned.   In each stage′  record

the ■nformation about the pa■ r of c■ usters merged and the distance

between them.

[Step 4]  Last■ y′ draw a dendrogram.

In case of us■ng s■ m■■ar■ty matr■ x S in the above a■ gor■ thm′  set S′

Sじ
」
′ 1'Simi■ arity::′ and llmaxl・  instead of D′ dづ

J′
 1'diSsimi■ arity]t and ''minl:.

Since the purpose of this paper is first■ y to discuss the prob■ em

concerned w■ th the re■ ationship between the AHC methods and the fuzzy

relation′  we state ma■nly about the we■ ■―known two methods s■ ng■e ■inkage

and comp■ete ■inkageo   The both procedure define by rep■ ac■ng the right

hand side of (8)in the above a■gorithm by the fo■ ■owing fonnu■ as。
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'θ
∫じηづtづθη 7。

sing■e ■inkage method

min{dι
」10づ
εこ
P′
 )3 C C9}

坐り:易
[】
::{drsl%C Cz′

°sC%}] (■ ≦Z′にη―α′Z+″ ′p+9)

Comp■ ete ■inkage method

ma文 {dι」|%ε %′ %C C9}
塾
サ:湯

[]]奮 {drSI%C Cz′ °sCC″ }] (■ ≦ Z′ ″≦η―α ′Z+“ ′′ +9)

where the symbo■  1:_A・ l indicates the meaning of definition.

The rnost essentia■  difference between these two methods ■s that

comp■ ete ■inkage takes a ″α
“

多

“

窃

“

 operation and sing■ e ■inkage takes a

“

Zη多物  Operation.   In other words′  comp■ ete ■inkage is exact■ y the

opposite of the single ■inkageo   Moreover′  it is c■ ear that the both

methods possess the fol■ owing propertieso   First■y′ a sequence of

distances′  say {δ  } ( α=0′ ■′2′・000)′  generated by the a■ gorithm
α

has a property of monoton■ ca■■y increas■ ng′ name■ y′

δ
。
=0く δ
.く
δ
2く
・・・ くδ

α
く・・・ くδ

4_.                         (9)

Let us now denote by △=(δ
づ」
)(ι ′J =・ ′2′ 000′ η )a distance matrix

der■ved from a dendrogram formed by s■ ng■e ■inkagee   Sim■ larly′  ■et

▽ =(Qι
」
)den°te a distance matrix produced by comp■ ete ■inkage.

Then the fo■ ■ow■ng re■ationships are a■ ways satisfied.

δ。.く d..                                                  (■ 0)
多′
~ Z′

Or

Oづ」― ιJ                                                 (・・
)

Fina■■y ■t is shown that δι」 Or OづJ generates the hierarchica■

structure′  name■y the dendrogram.
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2.3  F2η da“θηtαι Oθκθθpt θ∫,軌ZZν rじ Zαιづοηs

Turn■ng our attention to the fact that s■ ng■e ■inkage and complete

■inkage are characterized on■ y by the ″ι開貿7η2“ Or“ιη多″2“ operation′  ュt

■s more reasonab■ e that we try to ■ntroduce the concept of fuzzy set

theory′  especia■ ■y tuzZν  χじZα tづοη or FuzZν grcPtt intO the genera■ ized

extens■ on of AHC methodso   And it is the next a■ m to exam■ ne the re■ a―

tionship between fuzzy re■ ation and the AHC methods。

We sha■ ■ now define the subset A of E to which ll(づ IA) or llづ

represents the degree of be■ongingnesso   Under the cons■deration of

the ordinary set theory′  we can regard that if any づC A then llι =■′

and if any じ4A then μづ=0′  say′  口づ iS a θttαrαοtarづstづθ ∫レηθtづοη.

But if the va■ ue of llt takes in the interva■  [0′ ■]′  llづ  iS Ca■
■ed

a ″θ筋わθrsttιp ∫レηθtづοηe   A subset A of this kind is said to be a F‐ 2zン

sνらsθ t.    we assulne two fuzzy subsets A′ B and define as fo■ ■ows:

A⊆ B iff 口(づ IA)≦ 口(づ IB)fOr anyづ εE

AAB={(づ ′ min{口 (づ IA)′ 口(づ IB)})|づ εE}

AVB= {(づ ′ max{ μ(づ IA)′ μ(づ IB)})|づ εE}

(■2)

(■ 3)

(■4)

Therefore′ the operators v and  A stand for un■ on and intersection ■n

the sense of fuzzy set theory′  that is′  v and A indicate the m直 x■mum

and min■ mum′ respective■yo   And we can define a■ so a fuzzy re■ation

in E.X E2 as fo■ ■ows:

R=[{(づ ′」 )′ 口に ′JIR)}|づ εE.′ J εE2]     (・ 5)

Especia■■y′ if  E.=E2=E′  we have the fo■ ■owing =u22ν  rゎづηαrνり rθ Zαιづοη.

R= :{(づ ′」 )′  II(ι ′JIR)}| づ′Jε E]                     (■ 6)

where ll(ι ′」IR) is a membership function which represents the degree

of be■ongingness of pair (づ ′」) tO the subset E2=EXE.
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We suppose

llづ

」
′ takes

tions w■ th

solne fuzzy

(a)

(a)'

(b)

(c)

that the va■ ue of I(づ ′JIR)′ in abbreviation μ(づ′」)or

on■y in the interva■  [0′ 11。  Then there are many fuzzy re■ a―

the severa■  conditionso   We sha■ ■ define the condition of

re■ations as fo■■ows:

ll(づ ′づ)=■   for any づcE  (ref■ exivity)

ll(づ ′づ)=O  for any づεE  (anti― ref■ exivity)

ll(づ′」)= ll(J′づ)  fOr any づ′Jε E  (symmetry)

・(電)ar覗∬i■
(堆
l二11■1:itivi.

(d)‖に′J)≦ mぇn[mx{口に′た)′ ‖(た′J)}]
for any じ′」′たεE  (min―max transitivity)

(■ 7)

Tab■e ■。  summary of solne fuzzy re■ ations

re■ation (a).

simi■itude

dissimi■itude

resemb■ ance

dissemb■ance

Besides′  in the above condition (c)′ the operation of the righthand

s■de ■ndicates the fo■ ■ow■ng mean■nge

暇
X[min{口 (づ′た)′ 口(た′」)}]

=max[min{口 (ι′■)′ ll(1′」)]′ min{口 (づ′2)′ 口(2′ J)}′ ・・・ ′

min{ll(づ ′た)′ ll(た′」)}′ ・。・ ′ min{ll(づ ′π)′ 口(4′ J)}1 。

一　

　

ｄ

X
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That is′  the compos■tion of fuzzy re■ ations ■s a kind of matr■ x ca■ cu■a―

tion and an extens■ on of ordinary matr■ x ca■ culations by product― sum

operation.   It is the same in the expression (d).   As shown in Tab■ e ■′

we can cons■ der the severa■  fuzzy re■ ations by the su■ tab■e combination

of each conditiono   For examp■ e′  the re■ ation that satisfies the condi―

tions (a)′  (b)′  (C)iS a simi■ itude re■ation.

Thus′ we can eas■ ■y find that the non― metr■ c diss■m■■ar■ ty is

identica■ to the ∫物22ν  ∂づssθ
“
bZαηθθ rθιαιづοη and that the non― metric

simi■arity is identical the FuZZν rθ Sθ″わιαηθθ rθιαtじθηo   And we can

recogn■ ze that there ■s an important connection between fuzzy re■ ations

and c■uster■ ng propertyo   Moreover′  for simp■ ic■ ty′  ■et  RoR⊆lR or

R2⊆lR denote (c)′  and RttR三⊇R or R2=2R denote (d)′  Where the symbols

':0 1l and ll士 ・・ denote max―min and min―max operations′ respectively.

we ca■■ the ″α
“
―″ιη and″づη―

“
α
“
 (ιυο―∫bZご )θο

“
Pο sづ tづοけ

)the re■ ation R2

and R2士 ′ respective■y.   Furthermore′  we prov■ de the fo■ ■owユng defin■ tions.

Dθ」じηZウιοη 8。

Let tt denOte the″ α
“
―″ιη ttrαηsづ tιυθ θZο sarθ of a symmetric and

ref■ ex■ve re■ation.

食 = RV(RoR)V(Ro RoR)V・ ・ o V(ROR。 ・・ oO R)V・ 00

た―fo■ d max― m■n compos■ tion

=R VR2v R3 ve..vμ V・・・

Simi■ ar■ y′  let R denote the ″ιη_″α
“

 ιrαηsι tづυθ θZθ s2rθ of a

R= RA(RttR)A(RttRttR)A・ ・ eA(RttR± 00・・士R)A ・ 00

た―fo■ d m■ n―max compos■ tion

=R A R2士 A R3士 A・ 00A訳 彙A。 …

(■8)

re■ation.

(■9)

(力 )An arbitrary fuzzy re■ ation satisfies the properties of associativity and
COllullutativity with respect to the operation ll。 " and ‖彙‖。  But the distrib―
utiv■ ty is not a■ ways satisfied.  For examp■ e′  ■et R′  S and Q be three
re■ations′   Ro(QoS)=(RoQ)。 S′  RoQ=QoR.  However′  in the distributivity′
R。 (QvS)=(RoQ)v(RoS)′  but Ro(QAS)キ (RoQ)A(RoS) [see Khufmnn(■ 973)].
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In addition′  it is we■ ■ known that the fuzzy re■ ations possess

severa■ ■mportant properties as fo■ ■ows′  and these properties p■ ay an

important ro■ e ■n the agg■ omerative type c■ uster■ ng.

R=RVR v R3v R4ve… → R2⊂ R

R2⊂ Rぐ)R= R(→ R is transitive

R2 = R―)R= Rく →>R is transitive

.f  長
た+■ = 長た  for any pos■ tive ■nteger た′ that is′

R=RV R2v R3 v… .v謬

and た is sornetimes ca■■ed a η2″わθr O∫ rθαθttαわじιづtν .

食=RVR2vR3v.… v♂

Let R denote the m■ n―max trahs■ tive closureo   Then

(20)

(2■ )

■dempotent′

(22)

(23)

■)食 =百

ii)ROR=R tt R                      (24)

where i■ )is the re■ ationship between max― min and min―max′ and R is

a comp■ ement of R.   In the above notations′  w■thout the ■oss of genera■―

ity we can put蚤 ′A′ ⊃′ますinstead of負′v′⊂′静′respective■ y。

We can find more the relationships between a re■ ation and a grcP乃 .

Name■y we can identify an ordinary relation with a graph.   By the simi■ ar

consideration′  a fuzzy (binary)re■ation may be considered as a■跳2zν

grCρ乃・   Accordingly′  let G denote a graph  ′ the nodes of G is the set

of objects and each weight of G corresponds with each va■ ue of member―

ship function on E2。

―■7-



3.   θη tttθ θυαZ2αサιοη ο∫ tλθ 4〃θ
“
θιttοごs わン ,跳22ν  rθ Zαιづθηs

3e■ . Rθ Zα tιθηsttιp わθιυθθη tttθ 4″θ″θtttθαs αηご∫物zzν rθ zα tづοηs

since the ■nvestigations for eva■ uation or compar■ son of AHC methods

are on■y litt■ e discussed in forma■  works up to the present′  it is

rea■■y important and necessary to discuss thern ■n order to study c■ uster

ana■ys■so   Therefore′  in the fo■ ■ow■ng′ we sha■ ■ turn our attention to

these prob■ emso   By the a■ d of the resu■ ts descr■bed in the prev■ ous

section′ first■ y′ we can easi■ y find the fo■ ■owing property.

PTθ′θrtン ■.

An u■ trametr■ c ■nequa■ ity for the distance ■s ■dentica■  to a m■n―

max transitivity′  that is′ ακ 2ι trα
“
θtrじο づs α FuZZν ∂ιssづ″づιづtaごθ rθιαtιθη.

simi■ar■y′ αη ttη∫ンα″θtrιθ づs α ,‐22ν  Sづ″ιZづ t2db rθ Zαtづοκ.   occassiona■ ■y′

the former ■s ca■■ed the diss■ m■■ar■ty relation′  the ■atter ■s ca■■ed

the simi■arity re■ationo   And either construct the θ92づυαιθηοθ rθιαtづο4.

We can

Let now δ。.
Z′

δ..
Z」

easy prove this property by comparing (7)with (d)Of (17).

bean u■ trametr■ c distanceo   Then′

≦ mたn[max{δづた′δた」}]

≦ max{δじた′ 
δ
た」
}   (f°r any たcE)

Therefore it is obvious that (7)imp■ ies (d)Of (■ 7)′  and iS imp■ied

by (d)Of (■ 7).   And we can find the ana■ o9ous re■ationship about

inframetr■ ce

we next cons■ der a pα ttt Or οttαttπ  from Oづ
 t° ?」  (iOet an ordered

r― tup■e with or without dup■ ication)in the finite graph Gc=EXE (1。 e.

in the re■ ation R especia■ ■y theごづssθ筋めZαηθθ rθ Zα tづοη)′

Wι」
= (ι =じ

0′
じ
.′
づ
2′
・・° ′ι

r~■
=J)

where ι
ι 
ε E′   t=0′ ■′2′・・・′r~1

_■8-
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with each path (ι
。′
じ
.′
づ
2′
 ・・・ ′づ

r~■
)we sha■■ set a va■ ue defined by

the fo■■owing′

λ (ι
。′
づ
.′
づ
2′
 °°・ ′ι

r~■
)

=max{ll(づ。′
づ
.)′
ll(ι
.′
づ
2)′ 
°°° ′ll(づ r_2′

ι
r―■)}          (26)

for abbrev■ ation′ rewr■ tten the above

λ(づ′」)=.≦
TIr_1{口

(づ
t-1′
づt)}        (27)

Let us now cons■ der a■■ poss■b■e paths ex■ sting between oづ  and )5

(づ′」 εE) and ■et tttJ be the Set Of a■ ■ such pathso   Name■ y′

Wじ」
= {Wづ
J IWιJ=(づ 0′

づ
■′
・・・ ′ιr_.)}                (28)

Moreover′  we sha■■ define the m■ n■ma■ path Wi」
 fr°
m 9づ tO ?J by

λ士(ι′」)=min{λ (づ′J)}
wl。
Zθ

=‖
11[max{直
じヴι.L暉づrづ2い悧 づr―ノιr―■出

Z」
(29)

Then we can obta■ n severa■ re■ ationships froln the discuss■ on by

Kaufmann (1973).

(■) Let R⊂ EXE′  which is a dissemb■ ance re■ation′  then we have

λ
先
(づ ′」)=口 に ′JI`士 )for anyづ ′Jε EXE

where λ
ヵ
(ι′」) indiCates tttθ  strοηgθ st pαιtt Or tttθ ιαrgθ sι  Zιれた ごづs tαηθθ

existing from Oづ
 t°
  )3 °f Zθηgι乃 た。   This is proved by ■nduction as

fo■■ows:

a)ifた =■′thenイに′」)=μ (ι′JIR).

b)ifた =2′ then λ
3(ι′」)=min{λ (ι′J)}

=守 [mX{口 (ι′づ.IRL μ(ι .′」IR)}]

=口に ′」1蹂R)

-19-



because′  in general′

口じ ′」1辟鋤 =誠 n[ma長 {口 に ′たIRl′ v“ ′JI鋤 }](ι ′J′ た CE).

c) if た=3′   then

λ
:に ′」)=。mil[ma」μに′づ■1鋤 ′口に.′づ21⇒ ′口じ2′ JI鋤 }]

Z■ ′Z2

=呼n[max{λ
:(づ
′づ
2)′
口に
2′
」lRl}]

多2

= min[max{口 (じ′づ
2 1RttR)′
 口(づ

2′
」IR)}]

Z2

=μじ′」1蹂L鋤 ′

Therefore we can obta■ n

λ
え
(ι ′」)=口 (ι ′JI豫 辟 …・士R)=口 (づ ′JI謬

士
)       (30)

(た…fo■ d min― max composition)

(2) We can find the fo■ ■owing re■ ation.

λ士じ′」)=μ (づ′JI島               (3■ )

where R is the trans■ tive c■ osure of a dissemb■ ance re■ ation R.

(3) Furtherlnore′  we may exp■ ain

λ力に′脚=λ」≦ηじ′脚

where  λt≦
z(グ
′ノ) indiCates the value of the strongest path of length

■ess than or equa■  to η from Qづ  tO ゝ50   After remov■
ng the c■ osed―■oops

or circuits in G′  there remains a chain which has at most ■ength  η.

Thus′  the above (3)is bui■t Strict■y.

PrOpθ rtン  2。

By the above (2)and Definition 5′  we can see that λ
士
(づ′」)has the

u■ trametr■ c property.   That is′

λ
士
(づ ′」)≦ maX{λ

士
(づ ′た)′  λ

士
(た ′J)}  (づ ′J′ た CE)                (32)

Of course′  λ
士
(ι′ι)=0′  λ

士
(づ′J)=λ

士
(」′づ)。
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Next′  we sha■■ ver■ fy that there ex■ sts a max■ma■ one ■n the fam■ ■y

of u■ trametr■ c διJ WhiCh iS d°
rn■nated by the diss■ m■■ar■ty d`J′ name■ y

δ
ι」
≦dづ
J ・

We ncw denote such δ by

δ
:」 = Sup{δづJ}′

  づ′Jε E                                (33)

obv■ous■ y′

δ
:」 = Sup{δづJ}≦

sup[max{δづた′
δ
たJ}]

= max[sup{δじた}′
sup{δた」

}]

= max{δ
,た
′δえ」}                                     (34)

Thus′  δ:J is an u.trametic.

And suCh δtt is ca■■ed a″α
“
zttαι αO“ιπαηt zZtrα″θtrzθ .   This is identica■

to one which is a saら db“惨zαπt aZιrα
“
θウrCθ  ca■■ed by Mo Roux。

We can now see the next interesting prOperty based on the above resu■ ts。

We assume the u■ trametr■ c δづJ being dOm.nated by Oづ 」
′ name■y διJ≦

dづ
J・

Noting that dづ
」 is the same one as ll(づ

′J)′ We Can find that

δ
:J≦ .:IFsr{δ

づ
t_1′
づ
ι
}≦
.11計tr{dづι_1′

づt}= 
λ(ι ′」).

Fllrtheェl1lore since a min■mum of λ(づ′J)iS λ士(づ′J)′

λじ′力 ≧λヤ ′」)≧ δ:J          (35)
where δ

:」
is(33).

Moreover ■et us cons■ der a path whoSe ■ength is One′  that is′

λじ ′」)=μ じ ′JIR)′ then λじ ′J)=dづJ and a■
ways λ

士
(づ ′J)≦ λ(づ ′J)by(29)・

Thus′

dづ
」
≧λ士(づ′J)                                              (36)

By (35)and (36)′  We can obtain

δ
,」
≦λ士(づ′J)≦ dづJ  ・

However′  δ:J iS a maX・
ma■ of δ

づ」
′ therefOre λ

士
(づ ′J)muSt be identica■

to δ
士
(ι ′J)。 Name■yλ

士
(ι ′」)=δ :J・

ThuS it iS easy to see the fo■ ■owing.
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Prθ′θrιν 3。

λ士(ι′」)is a maxima■  dominant u■ trametrice   ln other words′

ll(ι′」1貢)Or tt generates an u■ trametric which is maxima■  dOminante

We exam■ne′ in the fo■ ■ow■ng′  the connection the fuzzy relation and

the resu■t of s■ ng■e ■inkageo   We sha■ ■ denote a sequence of the hier―

archica■ index′  which is derived from △=(δづJ) by {hα
}(α=0′ ■′・・・ ′4-■ )。

Then the dendrograln may be represented by くH′ h>.   And the present

prob■ em is to verify that くH′ h> produced by sing■ e ■inkage is identica■

to the trans■tive c■ osllre of D.   Before the fo■ ■ow■ng statement′  we show

that these re■ationships are ■mmediate■ y c■ ar■fied by the next simp■ e

■■■ustration.

E∝ι
"電

,ιθ ■・

We Set E={■′ 2′ 3′ 4} and

semblance re■ ation).

a dissimi■ arity matrix D=(dι
」
) (1° eo diS―

3     4

of sing■e ■inkage′  we can represent the resu■ t

3。   In this examp■ er at stage one of the

2 and 3 are fused to form a group′  because

va■ue ■n Do   Next we ca■ cu■ ate the distance

remaining two objects′  ■ and 4 as fo■■ows.

′d31}=° °3=d21.

′d34} = °°4 = d24

２
０ｏ３
０ｏＯ
　
　
ｉｔｈｍ
呼
輝
・ｅｓｔ
ｄｔｈｅ
‐ｄ２．
ｆｄ２４

．
ビ
ー
」
一
ｉｎＦｉ
一
銀
］
鋼
鋼

・・　
　
Ｄｂｙ
『
中
ｓｔｈｅ
中
３＞．．
３＞。４

Ｄ
　
　
。中
ｅｎｄｒ。
・抑
ｏ・ｉ
ｎｔｈｉ
ｄ＜２
ｄ＜２

・ｕｓｔｅ
中
・ｕｓｔｅ
Ｐ
ｅｔｗｅｅ

Ｃ

ｂ

ｃ

ｄ

ｂ
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and foェ .Ll a neW matr■ x D′

1

D′  =    [°
°°

12′ 31   4

:::   |:i ]

The sma■■est va■ ue in D′  is d4■
 
°°2′ and so Objects 4 and ■ are fused and

become a second group.  Reca■ cu■ ate the distances and we obtain the matrix D′ ′

11′ 41 12′ 31

プ
′ =    [° °°

   ::: ]

Last■y fusion of the two groups take p■ ace to foニュLl a Sing■ e group.

Figllre 3。 Dendrogralrt produced by app■ ying sing■ e ■inkage
to a dissIIrL■■arity matr■ x。

us■ng this dendrograrrL′  We

δ
づι = 
° = hO

._        δ23 = 
°°1 = h.

δ24=° °2=h2

δ
■2 = 
δ
■3 = 
δ
24 =

Thus a dendrogram  くH′ h>

can make △=(3ι
」
) and index {iα }.

(づ =■′2′ 3′ 4)

δ34 = 
°・ 3 = h3

for matr■x D was constructed.
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Here we now cons■ der the case that s■ ng■e ■inkage produces Cα

from C ~・ according to Defin■ tion 6′  then we can wr■ te as fo■■ows′

ち9=min{dづ」lι
ε
%′
J CC9F%′ C9C Cα

~・ }     (37)
According■ y′

Aα
 = min{,p9 1 f°

r any じ
p′
C9C Cα

~・

}                     (38)

and  iα >Aα_.   (α =o′ ■′
。・・′η―■).   Under the above re■ ations (37)and

(38)′  ■et uS COnsider a path defined on くH′ h>

λ(づ′」)= .≦
サlFr_.{dづ t_.′ ιι

}

then t(づ ′」)Satisfies a■■ the properties Of path described previously.

Next′  let 〕
A′
CB den° te two c■usters ■n Cα

~・

′ then ■t is easy tO find

that:

i)if %=CB′ then λ(づ′」)≦ hα  fOr anyづ ′Jε %(=C3)
ii) if  〕

Att Cβ
′ then   λ(づ′」)>hα   fOr any づε C4′  J CC3 0

Moreover′  considering λ
士
(づ′」)=min{λ (ι′J)}on くH′ A>′  we can observe that

the next i)′  ′ii)′  are correspondent with the above i)′  ii).

i)′ λ士(ι′」)≦ Aα  じ′Jε L(=C3)
五)′ λ士(づ′」)>Aα  ιε%′ J εcβ

Especia■ ■y we now specify as 〕
A=CP′
 CB=C9 (CP′ C9C Cα

~・

)′  that iS′

cons■der two c■ usters which are merged at the next fus■ on―■eve■ h ′ then
α

it is c■ ear to be a■ ways λ
士
(づ′」)≦ Aα・   ェn the other hand′  λ

士
(ι′J)is a

maxima■  dominant u■trametric by Property 3。    Therefore′  λ
士
(づ′」)

cons■ sts w■ th hα
  according■

y′ hα  s a max■
ma■ dom■ nant u■ trametr■ c and

■s der■ ved from the trans■ tive c■ osure of a dissemb■ ance re■ ation′

name■y a dissimi■ arity matrix。
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Fina■■y′  sulrmar■ z■ng the prev■ ous discuss■ on′ we can obta■ n severa■

important properties.

P'ο′θrtン 4。

(■)  A distance matrix △=(δじ」
)deriVed from a dendrogram formed by sing■ e

■inkage possesses the″ α
“
zttα Z αO燿づηαηt 2ι trα″θtrzθ prOpθ rtν and generates

a ∫レZZν ごιSSづ
“
じιづt2ごθ rθ Zαウづθη′ name■ y′ which is ref■ exive′ symmetric

and m■n―max trans■ tive.

(2)  rttθ ごづstαηθθ mαtrz“  △ づs づαθηウづοαι ιο α ∫レZZν ″ιη―mα″ trα4sιιιυθ

θιθsarθ derived from the origina■ dissimi■ arity matrix D=(dι
」
)・

(3)  These resu■ ts inc■ ude fair■y we■ 1-known severa■ methods which are

proposed by many researcherse

For examp■ er an a■ gorithm to construct a kind of hierarchy proposed

by M.Roux ■s sure■y identical to s■ ng■e ■inkageo   Furthermore′  a hier―

archica■  r― c■ ique grouping procedure by Eo Peay is rea■ ■y equiヤa■ent to

the operation of trans■ tive c■ osureo   And′  of course′  m■ n■mum method

(」OhnSOn)′  the nearest neighbor (Lance and Wi■ ■iams)′  e■ementary ■inkage

ana■ysis (McQuitty)are the same or a■most same methods as the so■ ution

of trans■ tive c■ osure′  s■nce these methods perform the c■ uster■ng

process by the use of m■ n■mum and max■mum operation.

In the above discussion′  it is need■ess to say that we can set

・'simi■ arityll′  'lsimi■ itudel・ ′ ・
]max―minl' and lIS.: instead of ‖dissimi■arity・・′

‖dissimi■ itude.1′  ‖min― max・・ and ''D" without the ■oss of genera■ ity。

In addition′  we can see another ■nteresting character■ stice
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P,οpθrtン  5。

Let us set δづ」
=dι
J′

In other words′  we sha■ ■ now

T = (tづ
」
)′

where         tづ
」 = |

dづ
」
′

then we have a〃 づんじ
“
αZ spαγzη

`ι

ηg trθθ rMSTノ .

denote by T the re■ ation or graph′

if δ.. = da.
Z′     Zθ

0  ′  ■f δづ」 
く dι
J

According to Definition 7 of sing■ e ■inkage′  the fusion distance at

the ■eve■ hα
 is exact■

y the sma■ ■est one between objects or c■usters.

According■ y′  ■et us cons■ der two c■ usters 〕
P′
 C9  uS・ng success■ ve■y at

the ■eve■ hα ′ it is obv■ous that there ex■ sts exact■y one distance which

satisfies 3ι
」
=dづ
J (except fOr the case of tie).

Thus, we can observe eas■ ■y that T der■ves a MSTe   A MST is a

tree whose weight is minimum among a■ ■ spanning trees of graph (■ .eo re―

■ation).   A trθθ is a connected graph without circuits and a spα ηηιηg

ιrθθ of connected graph G is a tree in G which contains a■ ■ nodes (ioe.

objects)of G.   And we define the weight of a tree to be the surrL Of

the weights of edges (■ .eo each e■ ement of re■ ation or dissimi■ arity

matrix)constituting the MsTo   Moreover if we consider comp■ete linkage

method′ we can find the ana■ogous property as fo■ ■ows。

P'ο′θrtν 6。

A distance matrix ▽=(oづ
」
) deriVed from a dendrogram formed by comp■ ete

■inkage method satisfies the u■ trametr■ c property and constructs a FttZZν

∂ιssι″ιιιt2αθ rθ Zαtづοη.However′ in genera■′ the above ▽ is not a■ ways

co■nc■dent w■ th the trans■tive c■ osureo   But we can form a kind of

spann■ ng tree by the s■ m■■ar procedure as the above descr■ bed method。

since a■ ways oι
」≧
dづ
J′
 there ex■ sts a kind of spann■ ng tree which

derives from δ..=d.¨
～Z」   多θ
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Now ■t is easy to verュ fy each character■ stic descr■ bed above。

切 Zθ  2。

citing the resu■ t in Examp■ e ■′ we can obta■ n

△=(δづ」
)=

on the other hand′  ■et D be the m■ n―max transュ tive c■ osure of D′

D tt D=D2士 =

simi■ar■y′

D3士=D tt D2士 = 1 0。
0

Therefore′  D2士=D3士=D4士 ′ and

0.3  0.3
0。 0  0。 ■

0。 0

0。 3  0。 3
0。 0  0。 ■

0。 0

0.3  0。 0
0。 0  0。 ■
0.0

::: | = D2士

0。 2

0。 3

0。 3

0。 0

「

ｌ

ｌ

ｌ

ｌ

Ｊ

Furtheェ .ュЮrer COmpar■ ng D w■ th △ or D′

δ
■2 = d■ 2 = 

°°3

δ
■4 = d■4 = 

°°2

δ
23=d23=° °

・

Then′

ｅｅｒ

「
ｌ

ｌ

ｌ

ｌ

ｌ

ｄ
　

　

ｔ

２
０
０
０

　

鴫

●
　

●
　

●
　

●
　

　

　

●■

０

０

０

０

　

　

ｎｎsure■y′ this matr■x generates a m■ n■ma■ spa
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3.2   4 ″θαsarθ O∫ ごづffarθηθθ わθt″θθη tωο sづ
“
o ιαrttν ″αtrzοθs

IIHow to get some good measure of eva■ uations and comparisons of

c■ustering techniquesl' is a common prob■ em encountered in works。

On these character■ stics of hierarchica■  structures′  many workers have

discussed from various points of viewo   For examp■ e′  Hartigan (■ 967)

has ■ntroduced a measure of distance between two s■ m■■ar■ty matr■ ces

from a statistica■  po■ nt Of v■ ew′  and it is s■ m■■ar to a measure of

stress propOsed by Kruska■  (■964)′  Farris (■ 969)′  Roh■ f and Soka■  (■962)

have investigated the so― ca■■ed CPCC (cophenetic Correlation coefficient)

and it has been a■ so much used practica■ ■y.   On the other hand′  」ardine

and Sibson (■97■ )′  Lerman (■ 970)have examined a method of eva■ uation

based on an ordinary re■ ationo   C■ early′  our s■ tuation ■s the extens■ on

of the ■atter。

As we lnentioned a■ ready′  the AHC methods that proposed up to the

present are cons■ dered as an exact method to form the fuzzy equ■ va■ence

re■ation itse■ f by a kind of successive approx■ mationo   We are interest―

ed′  in the fo■ low■ ng′  to eva■uate the difference between two distance

or s■m■■ar■ty matr■ cese   we need an ■ndex which exam■ nes a difference

between the origina■  s■m■■ar■ty matr■ x and the matr■ x der■ved from a

dendrograme   Since the distance or s■ m■■ar■ty formed by s■ ng■e and

comp■ete ■inkage ■s regarded as a fuzzy diss■ m■■ltude or s■ m■■itude

re■ ation′  as the extention of ordinary symmetr■ c difference′  it is

natura■  and va■id that we consider the tu22ン Sy″″θtrtθ ごづffarθηθθ αs

α ″θαSarθ O∫ θυαι2αιづ4g αηα θο
“
Pαrzηg tttθ  rθ s2Zι θ∫ θZZStθ rzηg prοσθss.
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′θ∫じηιtづθη 9。

Let now S=(sづ」) and S士 =(S,J) denOte the origina■  and derived

simi■arity matrix′  respective■yo   Then′ the fuzzy symmetric difference

■s defined as fol■ ows:

ρ(S′ S士 )=(SA百
士)V(百 AS士 )                 (39)

where S‐ and 百・  represent the comp■ ement of S and S十 ′ respective■ y。

Though we w■ ■■ ma■ nly describe here about the case of s■ m■ lar■ ty′  our

cons■deration can be eas■ ■y extended to the case w■th distance measures.

And ■et pづ
」 den°
te an e■ ement of matrix p(s′ S士 )′  then we have the

fo■■ow■ng re■ationships′

ρづ」
=(SづJAttJ)V(■ J AstJ)

=÷ {・ ―I Sι
」
+s,J― ■卜 ISづ

J―
,″JI}

according■ y′

if  Sづ
」
+S:J≦
・
′  then  ρづJ=~ラ戸

{Sι
J+S'J十  lsづJ―

s,JI}

if  Sづ
」
+S'J>・′  then  ρづJ=1~‐巧戸

{Sι
J+S'ノ  ~I SづJ―

S'JI}

where   s.」 = ■~Sι
J′
  Sづ
J = ・
~S'J ・

Thus′

pづ」 = | .]i(Si::.i`::J)    if  Sづ J+StJ≦
・・
              (40)

・f  Sι」+S'J >・  ′

where the range of ρづ」 is in the interva■
 [0′ ■le

we sha■■ ca■■ pづ
」
α ∫祝ZZν ごtStαηcc′  sinCe it is a distance taking

fuzzy informations into consideration.   In many cases′  it may be

conven■ ent to emp■ oy a sca■ ar rather than a matr■ x for compar■son

between re■ ations.   Therefore′  we ■nvestigate a degree of goodness of

fit between two re■ ations by a measure Of ρ(S′ S士 )′   r = 
づ
】
:」

ρづJ ・
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In the sense of fuzzy set theory′  a difference between S in ■tse■ f is

not always zero′ name■y ■et us write it by ρ。(S′ S)′ r。 = ‖ρ。(S′ S)|| =

‖ SA百 ‖ is nOt a■ ways zero.   Moreover′  the maximum difference is given

by r′ =|ISV百 11 0 ThuS′ We can obtain the expression r。 ≦r≦ r′ 。

Us■ng these resu■ ts′ we propose an ■ndex。

'θ
√じηづウづθη lo。

We sha■■ denote by r  the index which indicates a ∫物ZZン グθgrθο

θ∫∫じιηθSS botween two re■ ations。

r士 = (r― r。 )/(r′ ―r。 )                                (41)

obvious■ y′ this expression satisfies the inequa■ ity O≦ r士 ≦■.

Therefore′ we can    eXarnine a degree Of the goodness of fit by the r士
:s

Such cons■ deration based on the fuzzy symmetr■ c difference ■s cons■dered

as the genera■ ized extention of the abso■ ute dev■ation or the rank order

statistic ■n the traditiona■ ■y statistica■ method.

Ettιθ 3。

Let us suppose we w■ sh to c■ uster the two sets of data ■n which

two measurements are observed for each Of fifty Objects′ respective■ y。

These sets of data are shown as scatter diagrams in Figure 4-(A)and (B).

Data (B)seems to COnsist of a sing■ e group apparent■ y and data (A)

cons■ sts of severa■ we■■ separated and compact groupso   The c■ uster■ng

methods to be used are s■ ng■e ■inkage and comp■ ete ■inkage′  and the

resu■ ts are shown in the fo■ lowing tab■ e.

Tab■e 2。

comp■ete ■inkage

sing■ e   ■inkage

# of reach―
abi■ ity (た )

# of size (4)
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．
・
　
“
　
　
・
”
　
・
　
．

＾

“　　・．

」1・ 1

(A) 工n this figure′
severa■ groups

ュt seems that there ex■ st
we■■ separab■ e in shape.

48

40

32

24

16

8

0
蒟・

1

(B) 工n thiS figllre′  the configllration
of data ■s cons■ derab■y fuzzy。

The sets of data constructed by generating
random var■ ab■es for exper■ments。

Figllre 4。
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The resu■ts shown ■n the above tab■ e suggest that our forcast is

a■Inost sure■ y va■ id.   Examination of the resu■ ts obtained from data (B)

shows that s■ ng■e ■inkage ■s very ■ike■y to be the s■ tuation rather than

comp■ ete ■inkageo   However′  the two va■ues ■s not a■ rnost different and

both va■ues are ■arger than the values produced from the data (A).

Investigating the resu■ ts for data (A)′ we can Observe that comp■ ete

■inkage ■s ■itt■e super■ or to s■ng■e ■inkage but a■most sameo   The above

resu■ts i■■ustrate c■ ear■y that data (A)is more c■ Oser to the hierarch―

ica■ structure than data (B).   Fina■ ly′  observing the behavior of index

r士 ′ we can eva■uate lnore quantitatively the va■ idity of c■ uster■ng

process which have コudged by emp■rical and subjective interpretabi■ ity

as usua■ e

3。 3   E∝ tθηsづ Oη Of Sιηgιθ ιづれたαgθ αη∂ θO“′Zθιθ ιιれたαgθ

We sha■ ■ now attempt to lnodify the a■ gorithm of sing■ e and comp■ ete

■inkage′  and to extend to rnore general case.   Usua■ ■y ■et us now define

the dissimi■ arity (or simi■ arity)measures between cユ usters used by AHC

techniques ■s represented by the fo■ ■ow■ng recurrence formu■ a.

(42)

where dtr  S the distance between a cluster Cr  nd a C・ uster Ct f° rmed

by the fus■ on of c■uster 〕
p and C9′  and dι」 iS the distance between

c■usters Ct and c」 °   And γ iS a parameter and its va■ue ■s given

beforehand in the interva■  [0′ l]。   If γ=0′ we can obtain sing■ e ■inkage

and if γ=■ ′ then comp■ ete ■inkageo   Moreover′  if γ=÷  ′ then the above

relation shows the so― ca■■ed υθづgtttθ∂ pαιr grθ″P (″Pθ )″θtttοご prOposed

d静 =÷ (%r+%r)+(γ ~÷ )|%r― d9rl
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by Soka■ e   Sure■ y′

if γ=0′ then

dtr

if γ=■′ then

%r=÷ (%r+d9r)+÷ |%r― d9rl=max{ちr′ d9r}
and if γ= ■/2′  then

d静 =÷ (%r+d9r)′ name■y average dista,ce. (45)

Obv■ous■ y′  a■■ of the resu■ts given by app■ ying the above formu■ a to

the data′  that is dendrograms′  have the rnonoton■ c hierarchica■ structure.

Therefore′ by changing γ var■ Ous■ y′  c■ ustering schemes w■ th distinct

characteristics can be obtainede   Especia■ ■y′ if we attempt to adjust

the va■ ue of γ keeping the va■ ue defined by the expression (4■ )re■ ative―

■y as sma■■ as poss■ b■ e′ then we can ■nvestigate the so■ ution which

■s more reasonab■ y fitting to a given data。

Thus′  it has been shown that our approach inc■ udes a natura■

genera■ ization and extens■ on for many AHC methods′  espec■a■■y which are

simi■ar to sing■ e ■inkage and cOmplete ■inkageo   And we sha■ ■ cal■ this

method ttθ∂ι√じθご Zづれたαgθ  tθθんηづ9νθ.

西牧κとんq2ιθ 4。

We sha■ ■ investigate severa■  i■lustrations us■ ng artific■ a■ data.

(■ )   we consider the next re■ ation as first examp■ e′

R is a resemb■ ance re■ ation (1。 eo simi■ arity)′  so we compute a transitive

c■osure by max―m■n compos■ tion and obta■n the fo■■ow■ng re■ation′

】

ｒ
ｄ
Ｐ

ｌ

一
２

一
ｒ
ｄ
９

＋
ｒ
ｄ
Ｐ

■

一
２

〓 d9r l= min{■
pr′
d9r〕 (43)

(44)

R =
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In this case′  the number of reachabi■ity is twoo   And R coincides with

the resu■t of s■ ng■e ■inkagee   Let us cons■ der the comp■ement of R and

denote it by 食

R = △ = (δ
づ」
)=
|°

・°

  :::

L

and we can obtain a dendrogram くH′ i> characterized by the index {Aα }=

{A。′i.′ 五2}={° ' 0。
5′  0。 8}and the hierarchica■  structure H={{■ }′ {2}′

{3}′ {4}′ {■′4}′ {■′4′ 2}′ {■′4′ 2′ 3}}.   Of course′  it is c■ ear that R

generates a dendrogram ■n ■tse■fo  Then we may cons■ der each comp■ ement
il_||  1l τ   11  1:τ  l1  11_||

of them instead of ・・△‖′ 1l δづ」
・・′ 1'hα ::′  ‖H・・′ name■y   △ ′  δづJ 

′  hα  ′  H ′

and define a dendrogram くH′ h>.

In the case of comp■ ete

▽ = (0づ
」
) =

where ▽′ oι」 are cOmp■
ement for ▽′oづJ respeCtiVe■

y.

obv■ous that ▽ represents a dendrogram.

Moreover′  in the forlnu■ a (42)′

i) if γ =0′    r士 =0。 0      (cOmp■ete ■inkage)

ii) if γ=■/2′  r士 =0。 097    (WPG)

iii) if γ=■ ′   r士 =0。 ■65    (Sing■ e ■inkage).

Therefore′  in this case′  complete ■inkage gives a best fitting so■ ution.

Next′(2)
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Then′

This examp■ e ■s′  in fact′ the comp■ ement of D in Examp■ e ■ and

the number of reachabi■ ity is 3 in this case (sure■y′ we can verify

the re■ation D=R).

Moreover′  we can obta■ n

i) if γ=0′      r士 =0.■82

i■ ) if γ=■ /2′    r士 =0.045

iii) if γ=■ ′      r士 =0。 0

Thus′  in this examp■ e′  s■ng■e ■inkage ■s the best so■ution and this

resu■ t gives comp■ ete■y the opposite feature to the above (■ ).

物 Zθ  5。

Us■ng the sets of data ■n Example 3′  we sha■■ exam■ne the

behavior of r+ls with the change of γ in (42)e   Tab■ e 3 ShOWS

the resu■t of such exper■ mente   obsev■ ng this tab■ e′  we can find

that it is adequate to take γls about O。 5 for each data.

However′  the va■ues of rtt indicate that data (A)is c■ Oser to the

hierarchica■  structure than data (B)。    This situation may be a■ so

observed by the s■ ze of reachabi■ ityo   Name■ y′  the number of reach―

abi■ ity obtained from (A)is six and that of (B)is twe■ ve′  thus

the former ■s c■oser than the ■atter to the hierarchy.
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Tab■e 3. The behavior of r士 's with the change of γ.

γ(X■ 0~・ )

data set

(A) (B)

０

■

２

３

４

５

６

７

８

９

■０

0。 229
0。 20■

0。 ■73
0。 ■50
0.■ 36
0。 ■36
0.■ 49
0。 ■63
0。 ■79
0。 200
0。 235

0。 3■8

0。 29■

0。 262
0。 260
0。 237
0.222
0。 2■ 4

0。 27■

0。 279
0。 286
0.286

# of reach―
abi■ ity (た )

■2

# of size (4) 50 50

吻 ιθ 6。

Success■ ve■ y′  ■et us ■nvestigate the severa■  artific■ a■ data as

■n Figure 5。   We sha■■ ca■ cu■ ate the Euc■ idean distance dづ
」 am°
ng the

objects and form a distance matrix    D=(d:」 )′ Where d:J iS derived by

dividing dづ
」 by the maximum e■

ement in ito   Then′  a matrix s=(sづ J)is
produced by the transformation of d:」 ′ for examp■ e′ which is represented

by equation sι
」
=■ ~dオ

J・
   Thus′  the matr■ x s is ■mmediate■ y cons■ dered

as a s■ m■■ar■ ty matr■ x′  ioe.′  a fuzzy re■atione

The above cons■ deration ■s app■ ied to our examp■ e of artific■a■

data′  and the resu■ ts of computation are shown ■n Tab■ e 4。    From these

resu■ ts′  we can recogn■ ze the fo■■ow■ng character■ stics ■n each figure

Of Figure 5。     First■y′ we sha■ ■ examine the three methods′  that is′

sing■e ■inkage′  comp■ ete ■inkage and WPG methodo   ln figure (A)′  there

are three c■ usters of the structure which is c■ oud■y compact and appar―

ent■y distigu■ shab■ e′  that is′  the between― c■uster distance ■s much

■arger than the w■ thin―cluster distance′  and the gaps or lnoats between
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c■usters can be apparent■ y observeo.   In thiS Case′  comp■ete ■inkage

and WTG method are better and s■ ng■e ■inkage method give the poor resu■ ts.

In figure (B)′  When there are twO C■ usters which are interna■ ■y

homogeneous but connected by the so― ca■■ed brtdgθ or θんαttη between them′

■t may be sa■ d that comp■ ete ■inkage and WPG method are aga■ n better

than s■ ng■e ■inkage.   Furthermore′  ■et us cons■ der the examp■e which

makes within― c■usters lnore vague such as in figure (D)。    Then it iS

found that the va■ ues of rtt fOr COmp■ ete ■inkage and WTG method

become ■arger than the va■ ues of rtt Of figure (B)′  and the va■ues of

s■ng■e ■inkage are s■ ight■y ■argero   Thus′  it may be reasonab■ e ■f it

■s scarce■y reasonab■ e to app■y COmp■ ete ■inkage and WPG method

tO the c■usters of such noisy structures as in figures (B)and (D).

And in figure (C)′  the two c■ usters are composition of severa■

c■usters connected by bridgeso   ln this case′  it is seen that the g`巧 ps

among two c■ usters can be detected by any of the three methods′

but comp■ete ■inkage and WPG method and sing■e ■inkage produce different

results w■ thin two clustersc   More prec■ se■ y′ we find a dendrogram

which has tttθ  θttαzηzηg θffaθt by us■ ng s■ ng■e ■inkage whi■ e we find a

dendrogram w■th reasonab■ y compact c■ usters by comp■ ete ■inkage and wPG

methodo   As shown ■n the above discuss■ on′  the s■m■■ar■ ty of comp■ ete

■inkage and WPG method which is ёmpir■ ca■■y known ■s apparent according

to the va■ ue of rtt shown ■n Tab■e 4。

Final■ y′ we cons■ der the s■ tuation ■n which the shapes of c■ usters

are represented as figures (E)′  (F)′  and (G)。   TheSe c■usters possess

the structure which can be characterized by ηθη―θιZじpsοιααι or sθrpθηιづη2
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sλαpθ s′ but the border― ■ines of c■ usters are fuzzyo   And it is immedi―

ate■y found that a difference between three methods can a■ Inost not be

recogn■ zed.   Under the cons■ deration that comp■ ete ■inkage ■s re■ated

c■osely to s■ ng■e ■inkage by means of us■ ng max and m■n operations but

the usage of those two operations ■s entire■y different′  we can find

these resu■ ts as a most interesting features.   In these examp■ es′  it

■s su■ tab■e to uti■ ize s■ ng■e ■inkage rather than comp■ ete ■inkage and

WPG Inethod′  since the va■ ue of rtt in (E)′  (F)′  and (G)are relative■ y

sma■■er that the va■ ue of (A)′  (B)′  and (D)e   ThuS thOSe properties

discussed above agree with the fact known empirica■ ly and subjective■ y.

Moreover′  observing the behavior of r士
.s with the change of 

γ
.s′

we can see re■ ationships between the obta■ ned re■ ations and the given

datao   For i■■ustration′  in the data (A)′  (B)′  (C)′  it iS Seen easy

that the maximum distance between c■ usters is significant to investigate

the difference of clusters which are we■ ■ separab■ e or compact in shape.

On the other hand′  each va■ ue of rtt in the data (E)′  (F)and (G)

indicates that each data is spread in shape which is re■ ative■y fuzzy.

And it is seen that the m直nimum distance between objects (ioee the

nearest neighbor)p■ ays an important ro■ e about construction of c■ usters。

Furthermore′  observ■ ng a degree of convergence to the transitive c■ osure

by the number of reachabi■ ity′  say た′ we can understand that the va■ ues

of た represent a degree of c■ Oseness between the hierarchica■  structure

(ioee dendrogram)and the cOnfiguration of origina■  data seto  That iS′

it is c■ ear■y indicated that the data (A)′  (B)′  (C)and (D)are gathered

in spherica■  cOmpact shape′ but that the data (E)′  (F)and (G)cannot be

distingu■ shed groups ■n the sense of we■ ■ separab■ e shape。
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Figure 5。    Artific■ a■ data.

-39-



Tab■ e 4。    The r± ls computed fOr each data set in Figure 5。

Data   Set

γ(X■ 0~・ )     (A)    (B)    (C)    (D)    (E)    (F)    (G)

0        0.022  0。 ■■8  0。 ■2■   0。 ■34  0。 272  0。 326  0。 305(COmplete 
■inkage)

■        0。 0■ 9  0。 ■08  0。 ■02  0.128  0。 268  0。 3■■  0。 294

2        0。 022  0。 ■00  0。 089  0。 ■36  0。 254  0。 3■ 2  0.286

3        0。 03■   0.099  0。 084  0。 ■56  0。 242  0。 308  0。 279

4        0.047  0.■ 07  0。 093  0。 173  0.239  0.3■ 4  0.280

5        0。 069  0.■ 73  0.■■9  0。 2■■  0。 202  0。 324  0。 284(WPC methOd)

6        0。 ■00  0。 206  0。 ■53  0。 256  0。 23■   0。 337  0。 302

7        o。 ■40  0。 259  0。 ■9■   0。 306  0。 269  0。 352  0。 337

8        o。 ■89  0。 3■ 4  0。 209  0。 356  0。 29■   0。 366  0。 367

1       :::::  :::::  :::::  ::::i  :::::  :::::  :::::(sing.e .inkage)

#b:fi[3al,T     4      6      6      7     ■■     ■0     ■3

# of siZe (4)  20     20     30     ■8     20     25     20

4。    θOttpαrzηg pαrウづιづοηs θわtαづηθごわν οZ2stθ rづ4g

Though there are many prob■ ems to be faced in us■ ng c■ uster

ana■ys■ s ■n practica■ ′ the lnost important and difficu■ t are to hand■ e

the fo■ ■ow■ng s■ tuations:

i)  eXamining the two dendrograms obtained by app■ ying differ―

ent c■uster■ng a■ gor■ thms to the same data。

ii)  COmparing and eva■ uating between two dendrograms based on

different sets or same set of data′  and exam■ n■ng partitions

generated from those dendrograms.

iii)  eva■ uating thё  number of c■usters′  that is′ comparing

partitions spec■ fied on a dendrogram。

In short′  there ex■ st a■ways the prob■ ems of compar■ng between dendro―

grams and investigating the partitions formed on dendrograms.
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Neverthe■ess, Inost studies in the past were mninly concerned with

the proposal of c■ ustering algorithm′  but in recent years there are an

■ncreas■ ng number of studies which have uti■ ized and emphas■ zed the

eva■uation and stabi■ ity of c■uster■ng techniques as mentioned above。

The present section a■ ms to descr■be and discuss more fu■ ly for

practica■  use the procedure of eva■ uating the stabi■ ity of c■usters or

the sensitivity ana■ ysis′  and to propose some procedllres of the compar―

ing the partitions by c■ ustering or of the estimating the number of

c■usters.

4。 ■   θOttPα rtSοη わθtυθθη ι″O db4αrθgrα″s

First■y we sha■■ cons■der to exam■ ne the two dendrograms obta■ned

by app■ ying distinct c■ ustering a■ gorithm to the same data set。

we now denote two dendrograrns by くHЙ′h>′  くHB′ t> ′ and represent the

re■ ations (1。 eo sι″づιづtz∂θ rθιαtιοηs)given by the both dendrograms by

14′  号B′  respective■
yo   Then ■t is natura■  to app■ y the conception of

fuzzy symmetric difference described in the section 3。 2  to this case.

Name■ y′ we can ■nvestigate the re■ ative difference of two dendrograms

by the measure p(RЙ ′R3).  We Sha■ ■ verify the va■ idity of our consider―

ation by simp■e ■■■ustrations.

E"η Zθ 7。

we put E={■′2′ 3′ 4}and denOte two dendrograms by くユA′
h>′  くHB′ t>

name■ y′

{{■ }′ {2}′ {3}′ {4}′ {■′4}′ {2′ 3}′ {■′4′ 2′ 3}}

{h。′h.′ h2′ h3)={・ °0, 0.8′  0。 6′  0。 4}

and

b={{■ }′ {2}′ 〔3}′ {4}′ {■′3}′ {2′ 4}′ {■′3′ 2′ 4}}

{tα }= {t。′t.′ t2′ t3}={・°0′  0。 7′  0。 5′  0.3}。

％
甲
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According■ y′ we can obta■ n two re■ ations′  RЙ

くこ
B′
t>′  respectively.

■。0

号B′ fr°mく ,Й′h>and

f°r く
・ A′
h>

for くHB′ t>
0。 3

■。0

On (39)′

0.4  0。 4
0。 0  0。 4

0。 0
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assoc■ation between RA and RB.

We sha■ ■ exam■ne a degree of the assoc■ation between the methods.

citing again the re■ ation R in Examp■ e 4-(2)′  we COmpare the resu■ ts

of throe methods′  that is′  sing■ e ■inkage′  comp■ ete ■inkage and weighted―

pa■r groupe   Let us represent each dendrogram formed from these three

methods by L′ ち′and b′ reSpective■ y.

一一　
　
　
　
　
　
　
　
一一　
　
　
　
　
　
　
　
〓

Ｒ
Ｓ
　
　
　
　
　
　
　
Ｒ
θ
　
　
　
　
　
　
　
Ｒ
υ

■。0  0.7  0。 7
■。0  0。 9

■。0

1。 0  0。 5  0。 5
■。0  0。 9

■。0

1.0  0.6  0.6
■。0  0.9

■.0
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Thus

Therefore p.=|lρ (■′、)||=2。 3。

FurthenILOre′  in ■ike manner′

ρ2=|lρ (Ъ′り ||=1090

S・nCe p2  ρ
■
′ fina■■y′  it may be observed that ,s  s C,1° Se to R" rather

than R .
θ

Second■ y′ we sha■ ■ think a procedure which compares the set of

partitions generated from the two dendrograms′  which are obta■ ned by

app■ying different methods to the same data.Let us aga■ n denote two

dendrograms by く
,Й
′h>′  くHB′ t> and represent those re■ations (i.e.

simi■itude re■ations)by R五 ′ RB`   Then these simi■itude re■ations may

be decompOsed in the fo■ ■ow■ng fonn

L=彰 hZ°塁4(Z) (0≦ hz≦■)
(46)

b=こ れ°塁B切)(0≦ち≦1)

where R are equ■ va■ ence re■ ations ■n the sense of ordinary set theory′

and hZ昼
4 
°r t“昼B ShOWS that a■

■ the elements of the ordinary re■ ation

塁4 °r ttB are mu■ tip■ ied by hι or hB・    For examp■ e′ if

Then′

h。
 = 
■。0′   h. = 0。 5′  h2 = °°3′  h3 = °°2 。
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勁 us′

= mほ x

R=蠅 h」塁(α )
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■   0

■

R(0。 0)

■   0

1   0

■

R(0。 3)

′ 0。 5

′ 0。 2

0   0

■   0

■

R(0。 2)

(47)

Especia■■y′ we try to cut the two dendrograrrLS at a ■eve■  α(0≦ α≦■).

And  we assurle hz>α >hι
+■ ′ |″  

α>t″
+l  f°
r the cut at the ■eve■ α.

Then we can obta■ n two partition■ ng sets′

こ={A.′ A2′・…′レ}Where K=π―Z
(48)

《={B.′ B2′・…′Bノ  where五 =η―″

This s■ tuation may be shown schematica■ ■y as Figure 6。
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Therefore′ using the re■ ationship of decomposition for a simi■ itude

re■ation′  name■ y (46)′  we Can generate the two re■ations

lf=為 hι塁4(ι)   (αくhz)         (49)

'3=1夕

ち塁β物)   (α くヽ
“
)           (50)

In this case′  first■ y′  it is reasonab■ e to cons■ der ρ(R五 ′13 )aS an
index for the comparison between two partitionso   However′  if we turn

our attention to the connectedness between objects rather than the differ―

ence between trees′  it may be seemed that it is natural to use the inter―

section of two re■ ations′  say Rヵ  and R3 (of cOurse 
■n the sense of fuzzy

set theory)。    Thus the next re■ ationship can be defined′

T(電 ′嘔)=嘔 A弓 .              (5■ )

And■et T… denote an e■ ement of matrix T(電 ′唱)′Z」

T士 = Σ
み
Tづ
」                                               (52)

Or

T士 =1ピ

:;Tづ」                                             (53)

To exam■ ne c■ ear■y what has been described prev■ ously′  we sha■ ■ i■■us―

trate the fo■ ■ow■ng examp■ e.

物 ′ιθ 9。

Let RA and RB c■ te from Examp■e 7 and set the ■eve■ of cut at

α=0。 45。    Then′ .
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according■ y′ by (5■ )′

and r= ΣΣ pづJ =0。
9。

工n addition′  we sha■ ■ cons■der another re■ ation

暑ο

     l 

・
°°

   1::   !::   ::: | .

勁 en′  T十 =0′ and yetモ
士
=0′ IrLOreOVer′ r=2。 6,by using ρ(1′ 毛 ).

After a■■′ we can find that Ttt or Ttt indicates a kind of αθ3TCθ θ∫

α3rθθ″θれ参わθtωθθπ tυO pαrtづ tιθπso   That is′  if T士
.S iS ■arge then

the construction of two partitions is simi■ ar to each other′  if T士
.s

■s sma■ ■ then ■t may be cons■der as the  ppos■ te.   In addition′  r

■ndicates a dev■ ation or a kink of error between re■ ations formed by

two partitions.
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4.2    FυαZναtιθη ο∫ οZ2Stθ rt4g prθ θθss わν tttθ sθηsづ tιυιサン αηαινsts

The most fundamenta■  problem in c■ uster analysis is the absence

of a satisfactory defin■ tion as to what the term c■ uster means.

Of course′  as most c■uster■ng techniques high■ y depend upon the defin■ ―

tion of the terln θZ2stθr and the ηαtarθ  O∫ ごαtα′ that is′ the form the

type and the quantity and so on′  imp■ ic■ t assumptions are set there

about the structure present in data.   In this section′  the main purpose

■s to descr■ be and investigate more fu■ ■y for practica■  use the procedure

of eva■ uating the c■uster■ng process′  and to propose a procedure of the

est■mating the number of c■ usterso   As we descr■ bed in the prev■ ous

section′ S■ ng■ e ■inkage′ cOmp■ete ■inkage and lnodified ■inkage are lnore

f■exib■e and su■ tab■e for practica■  use ■n many AHC methodso   lt is

actua■■y interest to ■ndicate the number of c■ usters′  but usua■■y it

■s more difficu■t to do soo   Empir■ ca■■y′  it is sa■ d that exam■nation

of the dendrogram for ■arge changes of fus■ on ■eve■  wou■ d be usefu■ e

But it is statistical informative to determ■ n■ng the number of c■ usters

based on the observation of a dendrogramo   Therefore we sha■ ■ serve

this section tO discuss or exam■ ne the connection between a br■ ef statistica■

approach and our cons■ deration descr■ bed a■ready in the prev■ ous sectionse

For this purpose′  first■ y′ we may use var■ ous cons■ deration

described the above section′  name■ y compar■ ng procedure between parti―

tions.   However′  if a ■itt■e restr■ ction has been admitted′  we can

take account of another usefu■  approach for the eva■ uation of c■ uster■ng

processo   Though var■ ous attempts have been made to hand■ e this kind

of prob■ em′  the most important po■ nt is how to define the term c■ ustere
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Most proposed defin■ tions cons■ st of statements such that a c■uster ■s

a set of objects which are simi■ ar to each other′  and therefore objects

from different c■ usters are diss■ m■■ar.   But these defin■ tions are fuzzy

and vaguee   According■ y′ we have to fix a paticu■ ar defin■tion about

the shape of a c■ uster.   Yet′  partition■ng the data set into var■ous

combinations of c■ usters′  we must exam■ ne and assess the data.   In this

section′  therefore′  we sha■ ■ mere■y make an assumption that a c■ uster ■s

spttθrづθαZ and rθ ZαtづυθZν θο
“
Pαοt in shape and that the dissimi■ arity or

simi■arity ■s α″θιrZO.

Next we suppose that notations and cr■ ter■a of the number of

c■usters are der■ved frOm the fO■ ■Ow■ng bas■ ca■  re■ ationship

T=W+B

where T is the tOta■  dispers■ on matr■ x′  w is the matr■ x of w■ thin c■uster

た
dispersion′  that is′   w=づ旦」ι where wづ  iS the diSpersion matrix for the
づth C■uster ct and B iS the between c■ usters dispers■ on matr■x.

Then we cons■ der four cr■ ter■on which are given as fo■■ows:

[C■ ] Bea■ e.s F statistic

Bea■ e (■969)gives a criterion defined by the fo■ ■owing

express■ On
R(た
.)―
R(た
2)F(た

.′
た2)=[ R(た

2)
]/A (54)

where A=持
   (等

)2ヵ _.

with“ (た
2~た■
)and″ (4-た 2)degrees Of freedom.

In this expressiOn′  R(た )is the residua■  sum of

the data set is div■ ded into た c■usters′ name■y

according to our notatione

squares when

R(た )=tr(w)
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[C2]  Ca■ inSki and Harabasz's variance ratio criterion

Ca■ inski and Harabasz (■ 97■ )suggest the use of the variance

ratio criterion (VRC)given by

VRC= 
た_. / η―た

~

= tr(B)0(2-た  )/tr(W)・ (た ―■). (55)

In this formu■ a′  if a va■ ue of VRC monoton■ ca■ ■y increases w■ th

た′ then c■uster ■n the sense of the prev■ ous defin■ tion does

not ex■ sto  ttf the VRC is decreas■ ng rFLOnOtOn■ ca■■y w■ th た′ it

suggests the ex■ stence of a near■ y hierarchica■  structure.

When the VRC is attaining a maximum at た′ ■t shows the presence

of た c■usterso   Most criteria of this kind are suggested by

many authors.

[C3]  MarriOtt.s determinant criterion

Marriott (■ 97■ )has eXarrtined the properties of the fo■ ■owing

determ■ nant cr■ter■on by exper■ ments。

c=た 21wl/ITI               (56)

where た is the number of c■ usterso   When c is a m■ n■mum va■ue′

■ts va■ue shows a des■ rab■e number of c■usterse

[C4] Maronna and 」acovkis. criterion

Maronna and 」acovkis (■ 974)have Suggested a criterion ψ
tt Which

depends upon the w■ thin c■ uster covar■ ance matr■ x norma■ized

for un■ t determ■nant and investigated the property of ψ
tt by

a number of exper■ ments。

ψ
士=ψ /“ (4-た )

た

where ψ=″
ιI.(4づ

―
・
)I Wι

l

(57)
・

一
″
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η. is the c■ uster s■ze of づth c■uster and the other symbo■s
多

are the same as ■n the prev■ ous defin■ tionso   They have proved

that the va■ ue of ψ Or ψ
tt iS mOnoton■

ca■■y decreas■ ng.   It is

obv■ous that ψ
tt iS the geometr■

ca■ Inean of the c■uster spread

as measured by determ■ nants of each c■ uster。

[ 4 prοθθご2rθ ο∫ tttθ  Sθηsづι
`υ

ιtν α4α Zν sづs ]

We can exam■ ne the behav■or of c■uster■ ng processes by observ■ ng

the effects of a ■itt■e change ■n the data set to which no■ se ■s added.

A procedure of the sens■ tiv■ ty ana■ ys■s proposed here ■s simp■y

summar■ zed as fo■ ■ows:

[Step ■]

s■ng■ e

為′
・…′

fus■ng.

[step 2]   Next disturb the origina■  data set by adding a (mu■ ti―

variate norma■ ■y distributed)noise to each data x。  。
― z

Disturbed data may be wr■ tten by

工づ
=二
づ
+■
ι   (じ =■ ′

2′ 3′ …・′η)    (58)

where ■ι is a randOm number generated from N(0′
εI)′  the

constant C being given as a va■ ue keeping of suitab■ e size

a su■ tab■e measure of rank correspondence between dづ
」 and

d,」′ Where dι
J s are the Origina■

 ″ dimens■ ona■  data′  d,J s
added no■ ses。

[Step 3]   Carry Out a c■ ustering based on the yls and compute

the four cr■ ter■a.   Thus the origina■  data become vague by

this procedure.

[Step 4]   Repeat [Step 2]and [Step 3]unti■  the specified

number of iterations ■s accomp■ished.

[Step 5]   Fina■ ■y′ examine the behavior of each criterion.

In the first p■ ace′  app■y the two c■ ustering methods′

and cOmp■ete ■inkage′   tO the ■n■ tia■ data set X=(蚕i′

xκ
 
′ and compute the four cr■ ter■a at each stage of
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Thus we can dec■ de rough■y the number of c■ usters′  say た′ by

exam■nation of the behav■ or of these cr■ ter■ a fo■■ow■ng the change of た.

Moreover′  the reason for the use α ″θαsarθ θ∫ rαれた θοrrθspοη∂θηθθ

(fOr eXamp■ e′  rank corre■ation coefficient)iS main■ y due to the fo■ ■ow―

■ng property.

Prοpθrtν  7。

In the configuration of data disturbed by adding noises′  we can

determ■ ne a■most unique■y the region which rema■ ns unchanged the con―

struction of hierarchica■  structure produced by the ■n■tia■ configura―

tion of datao   That is′  there ex■ sts a■ most sure■ y the region which

keeps the order of the successive fusion ■evel between objects or

c■usters monoton■ ca■■y invar■ante   ttn such a caser it is sa■ d to be

gZθbαι οr∂θr θ92づυαZθκte   ttf a property of g■ oba■ order equiva■ ence

col■apses rapid■ y by adding no■ se′  there do not ex■ st the c■usters

that are we■ ■ separab■ e and compacto   On the other hand′  in spite of

disturbance ■n data′  when the dendrograms keep approx■ mate■ y g■oba■

order equ■ va■ent′ we can ■nterprete that there ex■ st clusters whose

cohes■on are stable and tight.

Here′  tO ver■ fy the above property′  we sha■ ■ i■■ustrate a br■ef examp■ e

as fo■■owse

E"の Zθ ■o。

We sha■ ■ now cons■ der three configurations ■n two dimens■ona■

space as shown ■n Figure 7。    Then the dendrogram obta■ ned by app■ ying

s■ng■e ■inkage to these data ■s rea■ ■y identica■  each other ■n the sence

of rank order for fusing each objecto   Actual■ y′  it is seen that the

dendrogram shown ■n Figure 8 indicates c■ early such s■tuation.
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g■ oba■ order equ■ va■ent

a dendrogram
property.

Figure 8。 A dendrogram formed by app■ ying sing■ e ■inkage
to the data in Figure 7。

In addition′  let now E引〔A′ B′ C′ D} denote a data set consisted

of four objectso   Then the re■ ationship between E and the dendrogram

formed from E is shown as Figure 9。    More prec■ se■y speaking′  this

figure i■■ustrates that there exists sure■ y a region which the object

D can move freely keeping the order of the success■ ve fus■ on ■eve■

g■ oba■ equiva■ent.

In the above examp■ e shown in Figure 9′   there are four objects

■n two dimens■ona■  space′ but it is obv■ ous that this s■ tuation ■s

satisfied yet to the case of configuration consisted of many objects

and higher dimens■ ons by us■ ng the same cons■ deration as ■nduction.

Thus we can obta■ n the fo■■ow■ng prOperty。
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Figure 9。 An examp■ e of the region which generates the property
of the g■ oba■ order equ■ va■ence.

P'ο′θrラン 8。

Let uS consider the π Objects conSiSted of mu■ tidimensiona■

measurements′  we can observe that there exists the region which generates

the property of the g■ oba■ order equ■ va■ence ■n space formed by

bisecting vertica■ ■y between hypersphere and any two objects。

However′  even though dendrograms are mutua■ ■y g■oba■ order

equ■va■ent′  each va■ ue of a cr■ ter■on for the number of c■ usters var■ ―

ous■y changeso   Changing the number of c■ usters′ we re■ative■y compare

the rank correspondence w■ th the behav■or of each cr■ ter■one   Thus′

the stabi■ ity or robustness of c■ uster■ng process may be eva■ uated

more objective■ y.   But the number of partitions of the given data is

enoェ lllou s′  and it is rea■ ■y imposs■ b■e to check a■ ■ of theme
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Since we have ■nvestigated approx■ mate■y and ■oca■■y a partition produc―

ed by app■ ying a specified a■ gorithm to the data′  which is represented

as a dendrogram′ we must sure■ y need the sθηsttづυづtν αηαZンsts which cou■d

enab■e us to reach a reasonable ■nterpretation as to whether there ■s

any structure ■n ollr data or note

After a■ l′  the most advantage of cons■ deration descr■bed prev■―

ous■y is to exp■ ore rnore reasonab■ e some partitions w■ thout searching

among a■ ■ possib■e partitions under a restr■ cted s■ tuation.

巳臨 確 ιθ l■ .

We have prepared two sets of artific■ a■ data to exam■ne the

abOve prOcedure of sens■ tiv■ ty ana■ ys■ so   These data ■s the salne one

which used a■ready in Examp■ e 3。   Name■ y′  the one ■s a data set in

which there ex■ st c■ usters ■n the sense of the assumption as shown

prev■ ous■ y′ and the other ■s not a such oneo   The both data are shown

■n Figure 4 。   A■■ the sets of data used in our exper■ ments cons■ st of

50 objects and are in two― dimensiona■  space (i.ee n=50′  m=2).

First■y′  the resu■ ts of computation w■ th the original data sets can be

represented by Figures■ o― (a)′  (b)′ examination of each criterion for

data (B)Suggests the fo■ ■owing featllres:

(■ )   When the sing■ e ■inkage method was used′  each criterion attains

■ts opt■ma■  va■ ue for the 4 groupso   When the comp■ ete ■inkage method

is used′  the resu■ ts in Figure■ o― (b).  Even if we consider 4 groups′

each cr■ ter■on does not give a c■ ear resu■ t。

(ii)  In Figllre■ 0-(b)′ the behavior of each criterion changing with た

does not give simi■ ar resu■ ts.   Especia■■y′ the VRC.s and ψ
士,s show
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a mutua■ ■y different tendencyo   But the Fls and Cls c■ ear■y attain

the■r opt■ma■  va■ ues for 4 groupse

On the other hand′  the resu■ ts of ana■ ysis of the data (A)are

shown in Figures ■0-(c)′ (d).  Then We can observe the fo■ ■owing features:

(■ )   The number of c■ usters is c■ ear■y five.

(ii)  The difference between the two methods is not found and the four

cr■ ter■a are seen to be s■ m■■ar ■n behav■oro   ln other words′  the

c■usters formed by the two methods show no ■arge difference ■n the fonll.

工n practice′  the resu■ ts attained for k=5 are shown in Figure lo_(e)(sing■ e

■inkage)′ Figure■0-(f)(COmp■ ete.■ inkagell ln spite of the fact that the

two methods give the same dec■ s■on and that the data cons■ st of four

groups′  the two figures are on■ y a ■itt■e different in shape for each

other.   However′  in the case of data (A)′  the tWO methods give a■ most

the same resu■ts and the results are as expected when the c■ usters are

c■ear■y separated (Figure ■0-(g)).

Now′  ■et us app■ y the sensitivity ana■ ysis to the data (A)and

(B).   Bea■e's F criterion is ma■ n■y emp■oyed to investigate its behavior.

The reason for taking up Beale's F especia■ ■y here is that Bea■ e.s F

cr■ ter■on represents the re■ ative quantity of the change of た and in―

vo■ves a noticeab■ e effect of the dimension ″。   The experimenta■  resu■ts

of the sens■ tiv■ ty ana■ ys■ s are shown ■n Figures ■■ and ■2。   By compar―

ing the resu■ ts obtained by the sing■ e ■inkage method with those by the

comp■ete ■inkage method′  the s■ ng■e ■inkage method is seen to give rnore

sens■tive resu■ ts than the comp■ ete ■inkage method.   In other words′

the comp■ete ■inkage method is lnore stab■ e or robust for a ■itt■e change

of structure ■n data than the s■ ng■e ■inkage methode
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In the case of the sing■ e ■inkage method′  the ■arger the quantity of

no■ses that are added to the origina■  data′  the rnore difficu■ t it becomes

to distinguish F.s change with た.   Figures ■2-(a)′ (b) are typica■

examp■ eso   On the other hand′  even though the comp■ ete ■inkage method

■s a litt■e ■nfer■ or to the s■ ng■e ■inkage method as to the abi■ ity of

detecting the number of c■ usters′  the behavior of F's is quite stab■ e

and presents a reasonab■ e bas■ s for detecting compact■ y spher■ca■  clus―

ters。   Obsev■ ng the change of the cr■ ter■a w■ th た′ we can find a c■ ue

to the number of c■ usters and obta■ n heur■ stica■ ■y a usefu■  procedure

which is su■tab■e for ■nvestigating the tendency imp■ ic■ t■y  inc■ uded

■n data which is usua■ ■y unknown.

Fina■■y it is proposed that an extreme■ y usefu■ procedure ■n

exp■or■ng data structure ■s to combine the grα ptt tttθ οrじ tづθ ″θtttοご and

the sθηsづιづυιtν αηαινsts 
“
θtttθご.  The graph theoretic method rather

investigates the ■ink―■ike re■ationship between objects than ■ook for

c■usters.   The sens■ tiv■ty ana■ ys■ s method us■ ng the typica■  cr■ ter■a

(that indicates the existence of c■ usters′  for examp■ e′  of spherica■

shape)inveStigates the stabi■ ity of the structure in data. We ca■ ■ this

combination of the two techniques the ttν brzα prοθθごarθ o   Furthermore

cons■ der■ng based on the above discuss■ on′ we have suggested a procedure

which compares and eva■ uate′  first■ y′ between partitions or methods′

and next estimate the number of c■ usters by sens■ tiv■ty ana■ ys■s under

a br■ef restr■ ction′  name■y such as shape of c■ usters′ metr■ c re■ations′

and so on.
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The sens■tiv■ ty ana■ ys■ s descr■ bed above ■s a powerfu■  too■ whiCh gives

a c■ue of so■ ution for case iii)in the prOb■ ems stated at the beginning of

this section.   However assumption imposed on the procedure ■s more str■ ct■y

and′  therefore′  is not practica■ 。 A disadvantage of traditiona■ or statistica■

technique ■s that the use of them ■s un■ ike■y to succeed in ana■ yz■ng the

given data′  s■nce the rea■ ■y data are vague and s■ ight■y unreasonable.

But we can now suggest a procedure of exam■ n■ng the number of C■ usters

froln a v■ ew po■nt of fuzzy theory.   Genera■ ly we can obta■n a solution by

app■ying a c■ ustering method to a given datao   According■ y it is very

difficu■ t to ■nvestigate a set of partitions based on the on■ y dendrogram.

Of course this set of partitions ■s ■oca■ optima′  s■nce ver■fication of al■

possib■ e partitions cannot be carr■ ed oute   Therefore generating many

dendrograms by adding no■ se to a given data′  according to the cons■ deration

■n section 4。 1′ we can compare those dendrograms w■ th the on■ y dendrogram

derived from origina■  datae   Thus if we assume that objectS have s■ ight■y

a metr■ c property′ we can ■nvestigate practica■ ■y and effective■ y the property

of partitions with the procedure in section 4。 ■。   In other words′  comparison

between the disturbed dendrograms and origina■  one suggests SOme procedure

of quantitative eva■ uation of c■ uster■ng processo   Espec■ a■■y′  at ■east′

a dendrogram der■ ved from origina■  data ■s an approx■ mate so■ution.

Therefore′  w■thout checking a■ l poss■ b■e partitions′  it is reasonable to

enhance the ■atent tendency of data and to exam■ ne more prec■ se■y the behav■ or

of many dendrograms obta■ ned by adding no■ seo  Thus we can eva■ uate and

estimate the partitions or the compar■ sons between several C■ ass■ ficationse

ln order to ■nterprete fits and errors between partitions ■t is eas■■y

understood that the concepts of fuzzy theOry are rnore natura■  and Va■ id。
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5.     Sθυθrαι づιZ2sιrαιιθηs αηごα sttοrt ∂づsθ2ssづοη

severa■ cons■derations for the AHC methods were descr■ bed in the pre―

v■ous sections.   In this section we sha■ ■ attempt to ■■■ustrate some

examp■es of c■ uster■ng procedllre by app■ ying our prOposa■  tO the sets of

data obtained practica■ ■y。

E2αttPZθ  ■2。

The first analysis is Of the set of data used by peay (■ 975)′ whiCh

is taken from Parkman and Sawyer (■ 967)。   The raw data consisted of the

numbers of marr■ ages occur■ ng between members of different ethn■ c groups

in Hawa■ io   The measure is norma■ ized for overa■■ marriage rates adjusted

to ■ndicate a kind of dispar■ ty measure.   But in our ■■■ustration this

measure ■s transfonned into an agreement rate.   Accordingly the ■arger

the va■ ue′ the ■arger the ■ntergroup marr■ age rate too.   The name of

ethnic groups inc■ uded (iee。  Objects)′  and the identified numbers to

them are ■isted as fo■ ■ows:

O. : Hawa■ ian

°
3 8 CauCasian

°
5 8 Fi■

■ipino

°
7 : 
」apanese

°
2 8 Part―

Hawa■■an

°4 8 Puerto Rican

°
6 : Chinese

°
8 8 Korean

Thus the given raw data ■s shown ■n Tab■e 5。

First■y we shal■  exam■ne the resu■ ts obta■ ned by app■ ying s■ ng■e

linkage and comp■ ete ■inkage to the s■ m■■ar■ty matr■ x ■n Tab■ e 5。

Tab■e6 shOws △= (δづ」
)prOduced by sing■ e ■inkage and Tab■e 7 is

▽=(§づ」
)by C°mp■ete ■inkageo   And the dendrograms as shown in Figures

■3′ 14 are produced from these △ and ▽ .   Furthermore the fuzzy degree

of fitness r  indicate the fo■ ■ow■ng va■uese
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Tab■e 5。 The s■m■ ■ar■ty matr■ x S for Peay's examp■ e.

■

２

３

４

５

６

７

８

■.00  0。 94  0。 79
■。00  0。 88

■。00

0。 70  0。 82
0。 79  0。 86
0。 80  0.78
■。00  0。 8■

■。00

0。 73  0。 67  0。 68
0。 84  0。 77  0。 77
0。 76  0.76  0。 80
0。 63  0。 59  0。 63
0.70  0.70  0。 72
■。00  0。 76  0.79

■。00  0。 80
■。00

Tab■e 6。 △=(δづ」
)°btained by sing■ e ■inkage.

■

２

３

４

５

６

７

８

■。00  0。 94  0。 88
■。00  0。 88

■。00

0。 8■   0。 86
0。 8■   0。 86
0。 8■   0。 86
■。00  0.8■

■。00

0。 84  0。 80  0。 80
0。 84  0。 80  0。 80
0。 84  0。 80  0。 80
0。 8■   0。 80  0。 80
0。 84  0.80  0。 80
■。00  0。 80  0。 80

■.00  0。 80
■。00

Tab■e 7. ▽=(9づ
」)Obta・

ned by comp■ ete ■inkage.

■

２

３

４

５

６

７

８

■。00  0。 94  0.70
■。00  0.70

■.00

0。 70  0。 82
0。 70  0。 82
0。 80  0。 70
■。00  0。 70

■。00

0。 59  0。 59  0。 59
0。 59  0。 59  0。 59
0。 59  0。 59  0.59
0。 59  0.59  0。 59
0。 59  0。 59  0。 59
■。00  0。 76  0.76

■。00  0。 80
■.00
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i) if comp■ ete ■inkage′  r士 =0。 173

ii) if WPG method′   r士 =0。 058

i■i) if sing■ e ■inkage′  r士 =0。 000

Therefore ■t is eas■■y seen that there ex■ st fa■ r■y fitted so■ ution

between s■ ng■e ■inkage and wPG.   Espec■ a■■y we can observe the best

fitted so■ ution in the case of sing■e ■inkage.   However observing the

dendrogram forlned by single linkage (1。 eo Figure■ 3)′ We can detect

the ex■ stence of so― ca■■ed θttαttη多4g_θ
=ミ

Qθι.

(h)
0。 9    0。 8

Dendrogram fOェ 1lled frOm Tab■ e 6。 Dendrogram fOnned from Tab■ e 7.

Figure ■3. Figure ■4。

MST generated from the matr■ x △ Of Tab■ e 6。

＞

８

伍

０
。

０■

０２

０３

０４

０５

０６

０
７

０８

■

２

３

４

５

６

７

８

０

０

０

０

０

０

０

０

(6)

Fibure ■5。
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And that a■ so shows no ■arge changes ■n hierarchica■ ■eve■ 。  According■ y′

■n genera■ ′ one has been cons■ dered that such s■ tuation ■s undes■ rab■ e

■n the mean■ ng that the data conta■ ns no group structure.

On the other hand′  as shown ■n Figure ■4′  comp■ёte ■inkage produces

a dendrogram which ■arge changes ■n ■eve■ ′ espec■ a■■y go■ ng from three

groups to two groupse   Thus one has determined just ■ike one that

there exist exp■ icit■y c■ usterso   However the judgement is poor′  since

we can obta■n another■nformation by the ■nvestigation of MST formed

from △.   Therefore′  in the fo■ ■ow■ ng′  we shal■  try to make MST based on

△.   The resu■ t is shown ■n Figure■ 5。   This enab■ es us to exam■ne

visual■ y and intuitively re■ ationships between objects.

For examp■ e′  there ex■ sts s■ ight■y the connectedness between o4

and °
7°
   But O. and 02 are very closely re■ atedo   Furthermore we can

observe the simi■ ar situation between 02 and 05′  °r o2 and 03°

After a■■′ in this examp■ e′  the ■ink―■ike infOrmation between the

objects p■ ays an important ro■ e for the purpose of interpreting and

exp■or■ng the datac

E2α

“
Pιθ ■3。

We sha■ ■ i■■ustrate an examp■ e that has exam■ ned the feature

of nuc■ eotide conformations observed in yeast pheny■ a■anine tRNA (■ 。e.

tRNAPhe) [Kitamura et a■ 。 (■977)]。   Genera■■y it has been we■ ■ known

that the molecu■ ar structllre of tRNAPhe give a c■ ue to ■nvestigation

about nuc■ eotide conformationso   Therefore it is necessary to think

some reasonab■e procedure for finding the common and spec■ fic conforma―

tions which may regu■ ate the mo■ ecu■ar geormetry and the conformation

■n tRNA.   Hence ■t is high■y natura■ to app■ y c■ uster ana■ ys■s to
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the so■ution of this prob■ em.

We now attempt to c■ assify the conformations consisted of 74

nuc■eotide units (■ 。eo objects)′  and measurements are seven torsion

angles observed to each un■ te   Since the tors■ on ang■ es are a kind of

directiona■  data′  we sha■■ denote by dづ
」
(ω)the ■ength of the chord

between t and 」 on a un.t c■ rc■e for tors■ on ang■ e ω as shown ■n Figure

16。   Name■ y′

d:」
 (ω
)= (Sin ω

づ

= {■ ―cos

)2+(cos ωづ
―COS ω
」
)2

)}.

ω．θ

　

ω．
θ

ｎ
　
　
　
¨

・■
　
　
　
　
・Ｚ

Ｓ
　
　
　
ω

　̈
　
　
＜

Figure ■6。

Therefore ■et us make the sum of d?,(ω ι)abOut the seven torsion ang■ es
tθ

ω
t(ι
=■ ′2′・・・ ′7)。   Then we can obtain a kind of distance

場
=I.dが /負 け L～ ZL勁

“
慟 ed“

“

円 my“

carr■ed out by us■ng the distance matr■ x ca■ cu■ ated by the above

express■ on from data seto   Here′  the distance matr■ x ■s norma■ ized and

transformed into a s■ m■■ar■ty matr■ x by the same procedure as Examp■ e 6。

Next app■ying s■ ng■e ■inkage and comp■ ete ■inkage to the s■ m■■ar■ty

matr■ x′  we can obta■ n the fo■■ow■ng resu■to   That is′

i) if comp■ ete ■inkage′   r士 = 0。 283

ii) if sing■ e ■inkage′     r士 =0。 266。

dι
」
(ω )
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Thus′  in this case′ it is seemed that the resu■ t of s■ ng■e ■inkage ■s

s■ightly better than that of comp■ete ■inkage′  but allnost same。

But in this case the number of reachability to the trans■ tive c■ osure

■ndicates n■ neo   This va■ ue ■s re■ative■y very sma■ ■ in compar■ son to

the order of initia■  simi■arity matrix′  say n=74。   Thus it is suggested

that the given data ■s very c■ose to the hierarchica■  structuree

Accordingly′  it is usefu■  and su■ tab■e for the fo■■ow■ng ana■ ys■s that

MST is chosen rather than the dendrogramo   Hence we sha■ l make MST

from the resu■t of s■ ng■e ■inkage or trans■ tive c■ osureo   This resu■ t

are i■■ustrated in Figure ■7。   Investigating this figure′  we can find

the sign■ ficant features that the properties of MST are more reasonab■ e

and very wel■ agreed with the suggestions of many experts from an

empir■ ca■  Or spec■alistic Po■ nt of v■ ew.

16
6

37

36

2756  ・ 23

30

46

1

74

６

４７

MsT produced
conformations

from nuc■eotide
of tRNAPhe.

Figure ■7.
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However′  at present′  we cannot exam■ ne the number of c■ usters based

on■y the above resu■ to   Therefore we sha■ ■ try to est■ mate the number

of c■usters by us■ng four cr■ ter■ a descr■ bed a■ ready in the prev■ ous

section 4.2.  The computationa■ resu■ts are shown ■n Tab■e 8.

Of course′  these resu■ts are not conc■ us■ve but there ■s some usefu■

■nformationo   For examp■ e′  it is eas■ ■y seen that these cr■ ter■a

computed by changing た var■ Ous■y show a■most the same behav■ or except

ψ
士
′ and that they atta■ ns a■ so ■ts reasonab■ e va■ ue for the seven groups.

Forming seven c■ usters on MsT in Figure■ 7and c■ assifying by the use of

var■ ous symbo■ s′ we can observe the fact that the configuration of MsT

■ndicates that there ex■ st two groups ■n the data.   That is′

Group A :  one main c■ uster consisted of 65 objects (indiCated by symbo■

"・
:l in Figure 

■7).

Group B :  severa■  sma■■ c■ usters′  of which one consists of 4 objects

and another consist of sing■ eton mutua■ ■yc (indiCated by

symbo■  11。 1' or connected by the dotted ■ine in Figure ■7).

Tab■ e 8。

# of c■usters

cr■ter■a

6.2■ 6   5。 7■ 5Ca■inski.s VRC

Bealets F

Marriottts C

Maronna's ψ
士

工f the number of

subdiv■ded into

genera■  tendency

4。 946   5.667

0.575   ■。■4■

2.095   ■。625

0。 060   0。 053

4。 ■77

0.294

■.666

0。 053

3。 795

0。 734

■。■40

0。 050

4。 ■79

■。725

0。 239

0。 044

5。 085   0.9■ 5

0.027   0。 024

0。 033   0。 034

hierarchica■ ■y

that the

A.

c■usters are increas■ ng′  then Group A is

severa■  c■usterso   Hence ■t is predicted

of organ■ zation ■s constitueted by Croup
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In conc■ us■on′ we sha■■ attempt to summar■ ze some of the suggestions

a■ready descr■ bed in the prev■ ous sectionso   Above a■ ■ our ma■ n purpose

has been to exam■ ne severa■  properties which character■ ze the cluster

ana■ ys■ s′  espec■ a■■y the hierarchica■  c■uster■ng。

First■ y′ arrangement of AHC methods suggests the fact that many methods

have a s■ m■■ar feature ■n common.   We have discussed cons■ stent■ y the gener―

a■ ized extens■ on of these properties by the a■ d of the fuzzy set theory。

Thus′  it has been shown that our approach inc■ udes a natura■ genera■ization

and extens■ on for many AHC methods′  espec■ a■■y which are s■ m■ lar to s■ng■e

■inkage and complete linkage.

Next′  we proposed that a degree of fitness between so■ utions of AHC

methods and the s■ m■■ar■ty or distance of origina■  data ■s ■nvestigated by

a fuzzy symmetr■ c differenceo   And an ■ndicator′  say fuzz■ ness r ′ der■ved

from a fuzzy symmetr■ c re■ation makes poss■ b■e compar■ sons arnong the methodse

Final■y we discussed the prob■ ems of compar■ng between dendrograms and

investigating the partitions formed on dendrograms′  and proposed a practica■

procedure′ which observes the correspondance between the dendrograms (ioe.

equiva■ ence re■ ations)and which examines the goodness of fit between par―

titions generated from dendrogramse   And to compare our cons■ deration w■ th

some traditiona■ ■y statistica■ procedures of eva■uating the c■uster■ng process′

we proposed an experimenta■  procedure′  say sensitivity ana■ ysiso   Thus we

can obta■ n a■ so a procedure of estimating the number of c■ usters and Of de―

tecting the c■usterso   Exam■ nation of severa■  exper■ ments and practica■

app■ ications showed that our proposa■  is ava■■ab■ e and usefu■ 。   Thus we

have overcome systematica■ ■y many difficu■ t prob■ ems ■nc■uded in lnost of

AHC methods which have been said to be ёmpirical and subjective up to now.
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